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Modeling the Nonlinear Response of
Multitones With Uncorrelated Phase
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Abstract—Traditional simulation approaches for predicting the
frequency-domain response of nonlinear devices to multiple tone
excitation enforce correlation of the phases of the individual tones.
This is the case with time-domain simulators and transform-based
schemes such as Harmonic balance as the waveform must be single
valued, thus enforcing correlation. Previous efforts in frequency-
domain simulators using the arithmetic operator method (AOM)
also produced results in good agreement with measurements for
correlated-phase input signals. Here, the AOM is applied to di-
rectly determine the spectral response of nonlinear systems to exci-
tation by multiple uncorrelated tones in a single simulation. Verifi-
cation is provided using measurements of a nonlinear amplifier ex-
cited by 15 independent tones and comparison to the average of the
ensemble of results from multiple correlated-phase simulations.

Index Terms—Arithmetic operator method (AOM), computer-
aided analysis, multitone signals, nonlinear amplifiers, uncorre-
lated phase.

I. INTRODUCTION

ONE OF the fundamental questions in RF and microwave
simulation is whether or not the response of nonlinear

systems to tones that are uncorrelated is correctly captured in
simulation. Many multitone test systems also produce corre-
lated tones through deliberate phase locking, indirect locking
whereby the tones maintain close phase correlation during a
measurement sample, or through digital synthesis. Uncorrelated
tones more accurately describe real-world situations where the
individual tones are often combined from sources that are not
localized. A simulation scheme that explicitly or implicitly re-
quires a time-domain representation enforces correlation of the
tones. In the case of time-domain analysis in a transient circuit
simulator, only relatively short intervals can be modeled in a
reasonable time, i.e., it is not possible to perform a simulation
for the time required to slowly dither the phases of the indi-
vidual tones. In harmonic balance (HB) methods, the unknowns
solved for are the amplitude and phases of individual phasors
describing the states at the nodes of a nonlinear circuit parti-
tion that interface to a linear circuit partition. If the excitation
tones are uncorrelated, then within a single simulation, the co-
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herent summing of nonlinear tone interactions gives resulting
vector sums that nearly vanish at some frequencies while ex-
panding to large magnitudes at others due to coincidental phase
alignment. Thus, for accurate results in the case of uncorrelated
phase inputs, it is typical to perform a large number of simu-
lations and randomly vary the initial phases of the excitation
tones. The phasor responses from the ensemble of simulations
are then averaged.

Most of the literature concerning the nonlinear analysis of RF
circuits deals with small numbers of necessarily correlated input
tones. Typical commercial HB simulators limit the source stim-
ulus to 12 tones [1]. Rizzoli et al. [2]–[4] used an uncorrelated
time-domain stimulus to report results of HB simulations on a
narrowband digitally modulated input signal comprising a se-
quence of 1024 uncorrelated bits at a baseband rate of 48.6 kb/s.
In these reports, each simulation is completed in 1 h or less, and
a large number of sampling locations are possible due to innova-
tive simplifications in the numerical processing of the Newton
iterates. In a later publication [5], a somewhat broader band
wideband code division multiple access (W-CDMA) signal was
processed through a spline-based behavioral model, which re-
quired 27 h to construct, but only 35 s to deploy in a simulation
producing 160 000 output samples.

The purpose of this paper is to introduce a nonlinear analysis
scheme that models the response of a nonlinear system excited
by multiple uncorrelated tones. The work here was motivated
by the problem of simulating systems with very many tones,
as in the cable-TV industry, where the tones, i.e., carrier fre-
quencies, are not commensurably related [6]. The most recent
successful modeling effort supported by measurements reported
results based upon a power series model with a stimulus of only
six carrier frequencies [7]. This study is a continuation of an
effort to develop a theory of nonlinear circuit and system anal-
ysis that is entirely based in the frequency domain. When simu-
lating solely in the frequency domain, it is possible to construct
an environment that preserves all of the phasor content created
at each order of nonlinearity. In turn, this facilitates the accurate
computation of average power levels for uncorrelated inputs by
squaring the magnitude of each phasor and performing a sum of
the squares, i.e., by summing the power of individual phasors
rather than finding the power of a vectorial sum of phasors.

The analysis method described here is based on the arithmetic
operator method (AOM), which performs nonlinear analysis en-
tirely in the frequency domain. AOM has been used success-
fully within the microwave community for nearly two decades
for frequency-domain analysis of nonlinear systems with corre-
lated-phase stimulus signals. Many of the advantages inherent to
AOM were first reported by Haywood and Chow [8], but of par-
ticular utility is the avoidance of repeated forward and inverse
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Fourier transforms inherent to HB methods and the ability to op-
erate on arbitrarily spaced discrete input spectra. The first func-
tioning circuit simulator based upon AOM was described by
Chang et al. [9]; this environment was enhanced later to include
transcendental function nonlinearities [10]. Another circuit sim-
ulator environment inspired by Chang’s study was developed
shortly thereafter [11], and developments within that environ-
ment included multivariate rational polynomial modeling [12]
culminating in a large-signal model for a pseudomorphic HEMT
(pHEMT) [13]. A concurrent development by de Carvalho and
Pedro [14] consciously sacrificed the ability to arbitrarily space
the discrete input spectral content in favor of simplicity of con-
struction of the simulation environment [15]. Nevertheless, no-
table results were produced for cases of a noise power input con-
sisting of 11 tones [16] and a 32-tone input approximating a par-
tial television transmission scheme [17]. In the case of the noise
power test, however, multiple simulations were done to vary the
phase of the 11 input tones; thus, the environment apparently
enforces correlation. de Carvalho and Pedro later modified their
environment to validate Volterra analysis techniques they devel-
oped for predicting the adjacent channel and co-channel inter-
modulation (IM) response to multitone inputs with correlated
and uncorrelated phases [18]. Since their frequency indexing
scheme does not enable the preservation of different nonlinearly
created phasors that map to the same numerical frequency, they
began with the assumption that all input spectral content was
uncorrelated and simply superposed the power contributions of
spectral content in their computations, thus ending with a valid
power computation despite not preserving the phasor content.
The environment used to produce the results presented in this
paper differs from that of de Carvalho and Pedro in that it pre-
serves nonlinearly created phasor content, thus it is well suited
for handling both correlated and uncorrelated phase multitone
input signals.

II. COMPUTER-AIDED MODELING ENVIRONMENT

The applicability of the AOM to model nonlinear systems de-
pends upon two factors. First, the input to the system under con-
sideration must be composed of discrete spectra. Second, the
transfer function of the system under consideration must be re-
ducible to a rational polynomial form with transcendental func-
tions permitted, provided that their infinite series representation
may be truncated. Although the second factor has been viewed
in some quarters as an inherent limitation of the AOM, it should
be noted that the numerical evaluation of transcendental func-
tions in digital computers is accomplished via either limiting
sums of Taylor series [19] or by iterative methods embedded in
numeric coprocessing hardware [20]. Thus, the truncation of the
evaluated transcendental function is hidden from the user of the
numerical computing environment when methods other than the
AOM are used.

The AOM Toolbox is a new behavioral modeling imple-
mentation of the AOM that exploits MATLAB’s sparse matrix
handling capabilities [21]. The modeling environment is im-
plemented as a set of callable functions in the MATLAB toolbox
form. A typical MATLAB script using the toolbox performs the
following actions, which will be described in further detail in
Sections II-A–E:

• define the input signal amplitude, phase, and frequency
vectors;

• call the function to create the basic IM product description
(BIPD) table;

• call the function to create the input spectral vector;
• call the function to create the spectrum mapping table;
• call the function to create the spectrum transform matrix;
• call the function to evaluate the transfer function and pro-

duce the output spectral vector;
• perform any further output data processing, e.g., plotting.

A. Input Signal
Let correspond to a time-domain input function com-

prised of a sum of sinusoids as defined similarly in [22]

(1)

(2)

where is the imaginary number and , , and are the
amplitude, frequency, and phase offsets, respectively, of each
signal component, and where is the phasor representation of
the amplitude and phase, thus, . is also the
complex conjugate of . In the frequency domain, the Fourier
transform (denoted ) of the complex exponentials in are
Dirac delta functions [23], thus,

(3)
where the first Dirac delta term corresponds to the positive por-
tion of the spectrum and the second term corresponds to the neg-
ative portion of the spectrum. Since is discrete, it can be
cast in the form of a vector , thus permitting the use of linear
algebra computational techniques. For real-valued signals, it is
possible to exploit the conjugate symmetry of the signal by
using only the positive portion of the spectrum. Note also that
the input frequency locations may be conveniently de-
scribed as a vector .

B. BIPD Table
Given an input signal, as defined in Section II-A, and a

transfer function with a maximum order of nonlinearity ,
the BIPD [9], [10] table uniquely identifies the location of
all output spectral content in the form of a vector space of
integer tuples denoting instances of input spectral content. In
essence, the BIPD represents a further decomposition of the
input domain, the numerical frequency domain, which then
facilitates a similar decomposition of the output domain into
phasor contents with a one-to-one relationship with the BIPD.
Note that the construction of the BIPD table does not depend
upon whether the transfer function has memory or not, but
depends only upon its order of nonlinearity. For an input signal
composed of sinusoids, a distinct BIPD table entry will
then take the form of a row vector . The table is
initialized to a identity matrix to account for the linear
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response , and construction of the table thereafter is a
combinatorial process at each order of nonlinearity from
to . Table entries for each order of nonlinearity are built by
adding and subtracting upper circulant shifted versions of the
identity matrix (through a total of shifts) to the BIPD table
entries for order . In this process, negative frequency
weightings (corresponding to subtractive IM) are permitted,
but the resulting output frequency, given by the dot product

, must be nonnegative, and the 1-norm of (defined as
), , must be equal to . For the case of

, the number of output frequencies created at each order
of nonlinearity, i.e., , is bound by the following relationship:

(4)

where denotes the number of nonzero tuples in BIPD vectors.
The total number of nonnegative output frequencies created, ,
is the sum over all plus 1 to account for dc, the 0 vector

(5)

Equation (4) is an application of the inclusion–exclusion prin-
ciple [24] from combinatorics. In the case of estimating the
number of unique BIPDs with nonnegative frequencies, the bi-
nomial expression appearing in (4) furnishes a gross
overestimate because the sign weighting factor assumes
that each of tuples is nonzero. The other factors in (4) account
for those overestimates.

Note that while all BIPD table entries are unique, many of
them may map to the same numerical frequency when input
frequencies are commensurate (but uncorrelated). The ability of
the AOM to discern the existence of equal-frequency spectral
content with different BIPD vectors will be shown (see Table I)
to be critical to its ability to predict the average power response
of a nonlinearity to uncorrelated phase input tones.

C. Spectral Vector

Since each entry in the BIPD table identifies unique output
spectral content, there is a one-to-one correspondence between
BIPD table entries and the output phasors. A vector constructed
so that its phasor content has this one-to-one correspondence
with the BIPD table is a spectral vector. When the input signal is
cast using the same vector space definition as the output signal,
it becomes possible to use matrix-vector arithmetic and square
matrices to transform (i.e., perform convolution on) the input
signal to produce the output. Input signals in spectral vector
form will customarily be denoted as , while output signals
will be denoted as . Using the BIPD table, an AOM Toolbox
function casts the user’s input signal in spectral vector form for
further use.

TABLE I
NUMBERS OF PHASORS AVERAGED AT ADJACENT-BAND IM FREQUENCIES

D. Spectrum Mapping Table and Spectrum Transform Matrix

Consider the atomic multiplication achieved by convolving
the input signal from (3) with itself at two arbitrary fre-
quencies and

(6)
Discrete convolution involves summing a series of atomic mul-
tiplications of this sort. Focusing on the Dirac delta function,
notice that the effect of the convolution is to create new spectral
content. When , the new spectral content is a har-
monic. Otherwise, it is IM. In either case, the result of discrete
convolution mixing of incommensurate frequencies is another
set of Dirac delta functions. To generalize, the nonlinear mixing
of two entries in the BIPD table would result in a Dirac delta
function , where

and are the vectors of integer frequency weight-
ings. The algorithm that produces the spectrum mapping table
identifies the location of nonzero content in a spectrum trans-
form matrix by performing the BIPD additions (i.e., doing the
frequency addition portion of the discrete convolution) and sub-
tractions (to account for subtractive IM), assuring that the sum
of the 1-norms of the BIPDs is less than or equal to the max-
imum nonlinear order, and checking that the resulting frequency
is positive. If the outcome of these checks is affirmative, an entry
is made in the spectrum mapping table, a table that facilitates the
construction of the spectrum transform matrix.

The spectrum transform matrix is built such that its entries
will achieve discrete convolution of a vector of phasors with it-
self. Note that even unusual mixing instances are handled with
ease. For example, consider the case of the unit vector BIPDs

and corresponding to input frequencies and , re-
spectively, and let be a second-order BIPD.
The third-order desensitizing mixture of and will then
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map to , but since this mixing occurs at the third order, the
mixing output will be recorded in a spectral vector for the third-
order nonlinearity (as described in Section II-E), thus leaving
the linear response phasor unaffected. See [25], [26] for details
of the table and matrix construction. One recent improvement in
the algorithm for computing the spectrum mapping table is re-
flected in the AOM Toolbox. Given a BIPD table with entries
as in (5), the algorithm described in [25] requires oper-
ations to compute the spectrum mapping table. This has been
reduced to in the AOM Toolbox, which aligns with the
theoretical expectation for the operation count to perform a dis-
crete convolution [27].

There are AOM Toolbox functions for computing both the
spectrum mapping table and spectrum transform matrix. The
spectrum mapping table may be computed independently of the
input spectral vector, thus allowing one spectrum mapping table
to be reused for multiple solutions of a modeling problem with
different input spectral vectors. The spectrum transform matrix,
however, requires the use of the input spectral vector for its con-
struction and must be computed for each unique input spectral
vector.

E. Transfer Function

Let be defined as in Section II-A, and recall from the
theory of Fourier transforms [28] that repeated multiplication
of time-domain functions corresponds to repeated convolution
in the frequency domain, i.e.,

(7)

Consider the simple case of a second-order nonlinearity
, thus, . Since can be de-

scribed in spectral vector form , the convolution operation can
be recast in a matrix-vector form so that

(8)

where is the spectrum transform matrix that produces the
convolution result when it is right multiplied by

. Thus, note that while a nonlinear system is being modeled,
the computation is done using linear algebra [29].

Generalizing the previous example, let be a memoryless
polynomial time-domain transfer function

(9)

(10)

where are real coefficients. Expressing in the frequency
domain, using the spectral vector representation so that

and substituting (7) and (8) into the transform of (10),

(11)

(12)

Fig. 1. Simplified block diagram of a three-oscillator assembly.

where captures the constant (dc) part of the transfer func-
tion. Here, is a unit vector of the same length as the spec-
tral vectors and with a 1 in the element reserved for con-
stant (dc) spectral content and 0 elsewhere. The AOM Toolbox
toolbox function for evaluating the transfer function returns an
output spectral vector for the linear response and each order
of nonlinearity, thus making possible the preservation of all
of the nonlinearly created spectral content at each BIPD, in-
cluding the example third-order desensitization term described
in Section II-D. It should be noted here that the computation of
the output spectral vector is accomplished entirely through the
repeated convolution in (12) and not through the use of combi-
natorial computations of the sort found in [18] and [22]. Use of
combinatorial algorithms in the AOM Toolbox is limited to the
toolbox function used to construct the BIPD table.

III. MEASUREMENT APPARATUS

A. Uncorrelated Phase Multitone Signal Generator

An uncorrelated phase multitone signal generator was cre-
ated from an ensemble of five assemblies with each assembly
containing three oscillators created from off-the-shelf parts. A
block diagram of the three-tone assembly is shown in Fig. 1.
An unusual aspect of the assembly is that the voltage-controlled
oscillators are not controlled within phase-locked loops, but
instead have their output frequencies set by simple variable
resistance networks that permit a tuning range from approxi-
mately 410–490 MHz. The presence of 20-dB attenuators on
each oscillator output, as shown in Fig. 1, is necessary to suffi-
ciently isolate each oscillator from injection pulling [30] by the
others. When the oscillators are spaced at least 1 MHz apart, the
artifacts of injection pulling are observed to be below 90 dBm
when a 10-dB attenuator is included at the assembly’s combiner
output. Despite lack of phase locking, it was found that the
standard deviation of the stabilized oscillation frequency was
less than 30 kHz when the assembly was housed in a crude
oven—a well-sealed cardboard shipping box with a plastic
sheeting lid—that typically reached a steady-state quiescent
thermal environment approximately 0.5 h after operating power
was applied. The outputs of five of these boxed assemblies
are conducted via 0.5-m segments of subminiature A (SMA)
cables, combined, then low-pass filtered to block harmonics
of the oscillator outputs from further transmission. A block
diagram of the complete multitone system is shown in Fig. 2.
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Fig. 2. Block diagram of the multitone system comprised of five three-tone
assemblies.

Fig. 3. Block diagram of the laboratory setup.

B. Laboratory Equipment Setup

A block diagram of the laboratory setup is shown in Fig. 3.
For this work, the 15 oscillators of the multitone system were
set to 1-MHz nominal increments between 443–457 MHz. The
input attenuator permits adjustment of the input power level
seen by the amplifier under test, and the power attenuator on
the amplifier output protects the spectrum analyzer from input
overload damage. For the purposes of the work performed here,
the input attenuator value is selected such that peak power of
the 15 tones (assuming perfect phase alignment) at the ampli-
fier input is never greater than 4 dBm. A 0.6-m segment of
SMA cable connects the input attenuator to the amplifier under
test. Measurements were taken with a 3-dB input attenuator and
a 10-dB 20-W power attenuator. The amplifier under test is a
Mini-Circuits ZHL-5W-1 [31], a class-A amplifier with a fre-
quency response between 5–500 MHz and an approximate gain
of 45 dB in the vicinity of the 450-MHz center frequency of
operation. The amplifier output connects to the power attenu-
ator via a 1-m segment of SMA cable, and the power attenu-
ator is directly connected to the spectrum analyzer. The spec-
trum analyzer is an HP-8565E operating under the control of a
LabView Virtual Instrument that was developed to support this
study. Each measurement sweep of the HP-8565E captures 601
points of data.

IV. RESULTS AND DISCUSSION

The transfer function for the amplifier under test was pre-
viously extracted using narrowband extraction techniques with
two tones in the vicinity of 450 MHz [32], [33]. The extracted
transfer function was a polynomial with nonzero odd-order co-
efficients up to the 15th order and valid for input signals with
a total input power under 0 dBm. For use in the modeling en-
vironment here, the transfer function was truncated to the fifth
order; i.e., in (12) was set to 5, thus discarding the odd-order
terms from 7 to 15—terms that were expected to produce output
power levels well below the noise floor and, hence, have little

Fig. 4. Simulated and measured results for adjacent-band IM.

incremental effect upon the simulated results. Two IM analysis
scenarios were considered. The first scenario considered the ad-
jacent-band IM distortion in the vicinity of a collection of 15
uncorrelated phase carrier signals. The second scenario consid-
ered the in-band IM distortion produced by the nonlinear ampli-
fication of a set of 14 uncorrelated phase carrier signals in the
immediate vicinity of one carrier, the center frequency carrier,
which had been turned off. This is a common measurement sce-
nario in the cable television industry [34], and it is one for which
the industry is seeking predictive computer-aided analysis tools.

A. Adjacent-Band IM Analysis Example

Fig. 4 shows the results of a typical adjacent-band IM mea-
surement compared to the results simulated by the computer-
aided environment when power computations assume that input
carriers consist of uncorrelated phases, i.e., the power compu-
tation is done by squaring the magnitude of all phasors ap-
pearing at the same numerical frequency and summing in lieu of
the typical method of assuming that phasors are correlated and
squaring the magnitude of a coherent or vectorial sum. Good
agreement can be seen in the linear and adjacent IM bands of
Fig. 4 with the possible exception of the far edges of the IM
bands around 430 and 470 MHz. (The simulated fifth-order IM
falls well below the noise floor of the measuring equipment, thus
justifying the decision to truncate the transfer function in the
computer model.) Note that when the numbers of input tones
(or carriers) is larger than a few, the number of nonlinearly cre-
ated phasors appearing at the same frequency can become quite
large. Table I shows the number of unique phasors created (by
virtue of different BIPD vectors) for each of the frequencies
from 415 to 450 MHz. (Due to transfer function symmetry, a
reversed version of the table gives the numbers of nonlinearly
created phasors from 450 to 485 MHz.) It can be seen that in the
adjacent IM band, there are cases where more than 1000 phasors
are being averaged so it should be expected that power compu-
tations based on coherent or vectorial sums due to enforced cor-
relation will vary greatly from power computations that assume
uncorrelated phases.

The simulated results of Fig. 4 can be contrasted with re-
sults typical of that for environments that enforce correlation
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Fig. 5. Results of 30 enforced correlation simulations with results from uncorrelated phase simulation for reference. (a) Enforced correlation phase regimes 1–5.
(b) Enforced correlation phase regimes 6–10. (c) Enforced correlation phase regimes 11–15. (d) Enforced correlation phase regimes 16–20. (e) Enforced correlation
phase regimes 20–25. (f) Enforced correlation phase regimes 26–30.

upon uncorrelated phase input tones in their computational en-
gines. Such environments compute the average power at a par-
ticular frequency by forming a vectorial sum of phasors and
then squaring the magnitude of the resulting phasor. When the
phases of the input tones are considered to be independent and
identically distributed random variables, their joint probability

distribution will tend to be Gaussian distributed, and thus, the
ensemble average of the output of 30 simulations can be consid-
ered to give definitive results [35]. Thus, a total of 30 separate
simulations in a computational engine that enforced correlation
were run in order to perform this comparison. Each simulation
used a randomly selected set of 15 phases or phase regimes, and
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