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ABSTRACT

In this paper, we cast motion estimation as a problem in
energy minimization. This is achieved by modeling the
displacement field as a Markov random field. The equiv-
alence of a Markov random field and a Gibbs distribution
is then used to convert the problem into one of defining
an appropriate energy function that describes the motion
and any constraints imposed on it. The energy function
is then minimized using the Mean Field Annealing algo-
rithm, a technique which finds the global or near global
minima in nonconvex optimization problems. Analysis of
the algorithm and experimental results are presented.

1 INTRODUCTION

Motion estimation is the process of describing the move-
ment of an object in the three-dimensional physical world
from its two-dimensional projection on a sequence of
frames. Ideally, a motion estimation method should be
general enough to be applicable to a wide range of im-
ages, and since all real world images contain noise, the
algorithm should not be strongly sensitive to noise.

In this paper, motion estimation is cast as a problem
in energy minimization. This is achieved by modeling the
displacement field as a Markov random field (MRF) and
formulating a Hamiltonian (also called an objective or en-
ergy function) for the displacement vector field. Geman
and Geman [1], noted the equivalence of a Gibbs distribu-
tion and a Markov random field. This equivalence allowed
them to find a maximum a posteriori (MAP) estimate by
finding the global minimum of the Hamiltonian, instead
of finding the most probable state in the a posterior: dis-
tribution. Geman and Geman then used stochastic sim-
ulated annealing (SSA) to find the global minimum. Bil-
bro and Snyder {2],[3] extended the original formulation of
stochastic simulated annealing to arrive at the concept of
mean field annealing (MFA). They replaced the stochastic
search in SSA with a deterministic one and replaced the

minimization of the energy function H with a minimiza-
tion of the difference between H and Hg. Hp is a simple
approximation to H and is referred to as the mean field
Hamiltonian.

2 MEAN FIELD
ANNEALING

Mean field theory in physics states that the interactions
of molecules or particles comprising the system can be
approximated by an effective or mean value. This allows
the use of an approximate function that is much simpler,
but still resembles the actual interactions between the
molecules. The idea behind MFA is to find a simpler en-
ergy function, or the Hamiltonian H,, that approximates
the given Hamiltonian H. This approximate Hamiltonian
depends on a parameter p , where the vector p rep-
resents the mean field or effect of the neighboring pixels
on the pixel of interest. The task is then switched from
minimization of the energy function H to minimization of
the difference between H and H,. A standard gradient-
descent can be used to reach the desired minimum. The
probability measure p(f) can be represented by the Gibbs
distribution:

1 _
p(f) = e H O (1)

MFA approximates the Hamiltonian H(f) by a simpler
Hamiltonian H,. A quadratic function for H, has been

shown to be suitable for many lmage processing problems
(3]. That is,

Ho(f, ) = Z(fi —w)? (2)

Vi

where p; is the mean field variable that represents the
mean of the image measure f at pixel :. Next, the
mean field parameters p; need to be determined such that
Ho(f, 1) best approximates the actual H(f). This is ac-
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complished by using Jensen’s inequality as follows:
<HO>= [ H@pgwe
RNZ

where < H(f) >, is the mean of H(f) with respect to w
and po(f, u) is the a posteriors mean field density. p,(f, w)
is given by

1 —m.fur 1 —H,(Fuyr
f - o(l,n — o(l,u
= e 1) e ®

where N2 is the size of the image and Z, is the mean field

partition (normaljzation) function. Defining,

1
Q =~ FH (1) - Ho(f,)] %)
Then, by Jensen’s inequality for convex functions ,
In <@ >p2<Q >, (6)

Substituting in for the value of Q and multiplying by —T',

—Tln[/e_H(f)/Tdf] <
—Tin| / e_H"(f’“)/Tdf]+ < H(F) ~ Ho(f, 1) >,

which can be rewritten as
F < Fo+<H(f)—Ho(f,u) >, (7)

where F' represents an upper bound on the free energy
of the system with respect to H(f) and F, represents the
free energy of the lattice with respect to the mean field
Hamiltonian H,. If the upper bound F in equation (7)
is minimized with respect to the mean field i, then H,
that best approximates approximates the given posterior
Hamiltonian H(f) can be obtained by solving the follow-
ing equation with respect to u

Vid< H(f) = Ho(f, 1) >, +Tln[/e-H°‘f»")/Tdf]} =0
(8)

By simplifying, equation (8) results in:
Vi<H{f)>,=0 (9)

at a given temperature. In MFA a deterministic relaxation
method is used to find u that minimizes < H(f) >. At
each T, any nonlinear minimization method may be used
such as the gradient descent or conjugate gradient descent
method.

3 THE HAMILTONIAN

The proposed energy function for motion estimation con-
sists of two parts, the smoothness constraint, H,(d), and
the gradient constraint, H,(d). Let H(d) represent the
total Hamiltonian energy function and d represents the
displacement field, then

H(d) = H,(d) + Hy(d) (10)

The first part of the energy function H.(d), states that
the displacement vector is expected to vary smoothly over
position due to the inertia of the moving object. Thus
one would expect to find smooth displacement fields in
the image plane, as long as no edges are encountered. In
other words, pixels close to each other and within the same
object tend to have the same displacement, i.e. a piece-
wise constant displacement field. The energy function can
be represented as:

@ _ydi=d, 22,
P =22 30 et

tOJEN,

where o represents the weighting factor for this part of
the energy function, X; is the ueighborhood of pixel 7 de-
noting the image as N? x 1| vector, d; and d; are the
displacement vectors for pixel 7 and j respectively, such
that di = [dai  dyi]7, where dzi is the x-component of
the displacement of pixel 7, and dyi is the y-component
of the displacement of pixel 7. 7 is a problem dependent
tolerance parameter, which controls the accuracy of the
results.  From Equation (11), it is seen that H(d)
reaches its minimum when di = d; which satisfies the
smoothness constraint. The Il . || designates the norm of
the difference of the two vectors. The second part of the
Hamiltonian function Hy(d) , is concerned with the jn.
tensity variation over the displacement field. One possible
model is to assume that the Intensity is preserved under
motion leading to:

Hy(d)= - Y fﬂ I

where 1, [1] is the intensity at location ¢ in frame ty, I, [i+
di]is the intensity at location t+d; in frame t,, and s the
weighting coefficient for this pert of the energy function.

4 MFA FOR MOTION
ESTIMATION

Fora continuous-space MRF, one useful mean field Hamil-
tonian Ho(d, u) is given by

Ho(d, ) =Yl di = s |2 (13)
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and p; is the mean field parameter for pixel ¢, that is
i = [pai pyi]”

As mentioned earlier, the task is to determine u
such that H,(d,u) best approximates H(d). The MFA
estimates of one dimensional and two dimensional motion
have been both developed, the two-dimensional motion is
presented in the following section.

4.1 Two-Dimensional Motion

For estimates of 2-D motion, the mean field parameter is
a two component vector p; = [ps; py,]7. The expected
value of the approximate Hamiltonian, Ho, will have the
following form:

< H,>,= (zT)*/*N?

The expected value of H,(d), which is given in equation
(11), is

< H.(d) >, =
—a
Z Z 2xT(r+T)"
tJEN;
e Wkei—p2;3)? +(nyi—py;)%)/(2T+27)

Differentiating < H,(d) > with respect to the mean field
parameter u; yields:

Ve < Hs >= (14)
¥ s = B2i) —((neimias )4 (hysm sy 12T 427)
27T(r +T)2
JENR,
and,
Vg < Hg >= (15)
Z X Byi = Bys) —(hrs=pas) 4 aysmiy )21 /(2T 427)
o 27T(r + T2
2z i

The expected value of Hg(d) , which is given in equation
(12) , is:

< Hg(d) >, = (16)

O DL N
TV2rr (dT’;a)(dT’;z)

2rT(4z)2

(Zi2)2T 4 27

\/2r+(%2)2(%1)27”2

dI dl,
V2 + (ST 4 (BT
o~ + T it T2y 2 (4 T S )24 (2 ey

Taking the gradient of equation (16) with respect to pa;
and py; along with the gradient in equations (14), (15),

the gradient descent method can be used with a certain
annealing schedule to obtain the optimum value of the
mean field parameter which is the best estimate of the
displacement vector field.

5 EXPERIMENTAL
RESULTS

5.1 Two-Dimensional Motion

Both synthetic and real image sequences were used to eval-
uate the two-dimensional motion estimation algorithm. A
sequence was generated in which a Gaussian sphere was
moved diagonally toward the lower left at a distance of
3 pixels per frame. The estimated displacement field for
the diagonally moving sphere is shown in Figure 2, while
the sphere is shown in Figure 1. The ratio o/f = 5/2
was the same as in the one-dimensional experiment. The
results were good, however, to assess the real potential of
the algorithm, it needs to be evaluated on real data. Fig-
ures 3 and 4 show two frames of a sequence entitled BOB.
Each image in the sequence is 128x128x8. The estimated
displacement field is shown in Figure 5. The displacement
estimates are smooth over the spatial extent of the moving
objects and the algorithm performs well even in the pres-
ence of the recording noise present in the real data. No
pre- or post-filtering was performed on any of the images.

6 SUMMARY AND
CONCLUSIONS

In this paper, we have developed a new algorithm for
motion. The algorithm was the result of formalizing the
motion estimation as a problem in energy minimization,
modeling the displacement field as a Markov Random
Field, and hence using mean field annealing as an opti-
mization technique to solve it. The algorithm produced a
dense displacement field that does not depend on a priori
information or initial values of the displacement map. The
method proposed here does not require pre-processing,
nor does it need any post-filtering to smooth the displace-
ment estimates.
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3: First frame of a real world sequence, BOB.

AR
N

e N

R s e

Figure 3 and 4.

The displacement field from the two frames



