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Abstract

Optimal missing data estimation algorithms including
deblurring and denoising are designed to restore images
captured from large CCD sensor arrays using butting tech-
nique, where 1 to 2 columns of data are missed at the butting
edge. We developed consistency method with separable de-
blurring to estimate the missing data. This method con-
verts an ill-posed restoration problem into a well-posed one
by making few assumptions based on regularization theory.
Under the condition that no noise is inserted, and the sepa-
rable blur kernel is exactly known, the consistency method
can deblur the original image and at the same time estimate
the missing column(s) exactly. However, this algorithm be-
comes unstable when large noise is inserted or inaccurate
estimation of blur kernel is made. Conditioning analysis is
used to quantify the amount of ill condition of the blur k-
ernel when the assumptions are relaxed to different levels,
which provides a solid measurement on how stable the sys-
tem will remain knowing the signal-to-noise ratio and the
inaccuracy of the blur kernel estimation. Experimental re-
sults from different approaches are compared.

1. Intr oduction

Missingdataestimationhasbecomeoneof the increas-
ingly importantproblemsin the vision community. Inter-
estingapplicationsincludemodelingthe “filling-in” of the
blind-spotin humanvision, fixing badpixels in CCD sen-
sorarrays,estimatingmissingdatafor largesensorarrays,
etc. The discussionin this paperfocuseson missingdata
estimationfor large CCD sensorarrays,but the algorith-
m developedshouldbe generalenoughto be ableto solve
similarproblems.

Amongall theimagesensors,thecharge-coupled-device
(CCD) is thedominanttechnologyfor bothuserandindus-
try applications. CCD sensorsprovide higher resolution,
wider dynamic range,and higher sensitivity, with which

conventionalphotographycannotcompete.However, CCD
sensorsalsocostmore.How to achieve largeareaandhigh
resolution,while at thesametime remainingcost-effective
is anissuethatdrawsa lot of concern.

Oneof theeconomicsolutionto largeareais to usesev-
eral CCDssideby side. This methodis technicallycalled
butting. In ourproject,weusedevicesfrom EEV, Inc. EEV
developeda light-guidesystemto butt CCD arraystogeth-
er. The light-guidesystemusesfiber opticswherea bunch
of fibersconnecteachpointon thescintillatorwith a corre-
spondingcell on theCCD detector. In this way, light from
an X-ray scintillator may be guideddown to a CCD array
preservingthealignmentof all thepixelsexceptthatthegap
betweenthetwo detectorsis still on theorderof 1 to 2 pix-
el(s)which is about50 to 100micron(Fig. 1). An arrayof�����

CCDs(1152rows and1242columnseach)areused
for experimentalpurpose. However, thereis no limits as
how many CCD arrayscanbebuttedtogetherin this way.
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Figure 1. Two scintillator/fiber/CCD combina-
tions butted tog ether .

2. Problem Formulation

Themissingdataestimationproblemcanbeformulated
asFig. 2. An original image � is slightly blurredby a point
spreadfunction(PSF)� from theX-ray source.Theblurred
imageis furthercorruptedby fixednoise( � ) anddefects( � )
from theCCD detector. 	 is thesocalledmeasured image.



Theimageformationprocesscanbeexpressedby Eq.1,	�
���
���������� (1)

where 
 standsfor the convolution operator. We assume
thatthePSFis alreadyknown, thenoisedistributesasinde-
pendentGaussian,andthepositionsof missingdatacanbe
identified.

missing data estimation with

n d

deblurring and denoising

f

image
original

f̂

image
recovered

errors
induced
detector

blur

h

+

noise

g

image
measured

Figure 2. System model.

We proposetheso-calledconsistency method usingsep-
arabledeblurringto estimatemissingdataalong with de-
blurringanddenoising.Thebasicideabehindthisapproach
is to make useof thepoint spreadfunction(PSF):beforea
pixel is missed,it hasalreadydistributedits informationto
its neighborsthroughtheeffectof blur. Therefore,if wecan
obtaina measurementof thePSF, in theory, we canrecon-
structthemissingdata.

3. Regularization Theory

Missingdataestimationis basicallyanimagerestoration
problem. Imagerestorationis well known to be ill-posed
[1][5], sincea little changein the input datacandramati-
cally affect the solution. Ill-posednesscomesfrom the ill-
conditioning of thematrixconstructedfrom thesystemPSF.
Themostpopularsolutionto ill-posednessis regularization.
Although many differentkinds of imagerestorationalgo-
rithmshave beenproposedsofar, they all sharea common
structure:theregularization theory.

Generallyspeaking,any regularizationmethodtries to
analyzea relatedwell-posed problemwhosesolution ap-
proximates the original ill-posed problem. The well-
posednessis achievedby implementingoneor moreof the
following basicideas[7]: (1) changeof the conceptof a
solution;(2) restrictionof thedata;(3) changeof thespace
and/ortopologies;(4) modificationof theoperatoritself; (5)
theconceptof regularizationoperators;and(6) well-posed
stochasticextensionsof ill-posedproblems.

4. The ConsistencyMethod with SeparableDe-
blurring

By putting somerestrictionson input dataandthe blur
operator, we areableto transformthemissingdataestima-

tion probleminto a well-posedone. Several assumptions
aremadeto simplify theproblem:(1) theblur kernelis sep-
arable;(2) theblur kernelis exactlyknown; (3) noiseis not
consideredfor thetime being;(4) only onecolumnof data
is missedin theoriginal image;and(5) theoriginal image
is of integertype. Possiblerelaxationof theseassumptions
arefurtherdiscussedin Sec.5.

Theimageformationis modeledasEq.2,��
���
�	���� (2)

where 	 is the measuredimagewith one column of data
missing, � is the original image,and � , the noise, is re-
gardedassmall perturbationof 	 and is neglectedin this
section. The convolution kernel � is discreteandof finite
support.Both � and 	 are � ���

matrices.
The consistency approachconcernsthreeissues:sepa-

rable deblurring,HouseholdertriangularizationbasedQR
factorization(HHQR), andconsistency in missingdataes-
timation[9][8].

4.1. Separabledeblurring

Sincewe assumethe convolution kernel ��� �"! is sepa-
rable,theconvolution canthenbeperformedseparatelyas
Eq. 3, where �$# � �$% and �$& %'�"! arethe separatedvertical
andhorizontalcomponentsof � . ( denotesthematrix mul-
tiplication.�)
���
*�+
�,-�.#/(0�$&/12
3,4�)
��.#.15
 �$&6
7,-�)
 �$&/15
��.# (3)

Assume� is an � ���
imageand � is an 8 � � Gaus-

siankernel,theconvolutionof image � with thehorizontal
kernelcomponent�$& canbe equallyachievedby a matrix
multiplicationbetween� andan

�9���
( : !<;=%>@? , A !<;B%>DC )-

bandmatrix E�& (Eq.4), generatedfrom �.& ; andtheconvo-
lution with �.# canbe similarly achievedby a matrix mul-
tiplication with an � � � ( : �F;=%> ? , A �F;B%> C )-bandmatrixE�# (Eq.5), generatedfrom �$# . A generalbandmatrix has
its nonzeroelementsarrangeduniformly nearthediagonal.
A bandmatrixwith 8 lowerbandwidthsand � upperband
widthsis denotedas( 8 , � )-bandmatrix.

E�&G
 H �$&),': !JI+%> ? ��KL�NM<1O�6A !<;B%> C P KQ�RM P : !<;B%> ?S
otherwise

(4)

E�#�
 H �.#=,T: �UI)%> ? ��KL�NM<1O�6A �F;=%> C P K)��M P : �F;=%> ?S
otherwise

(5)
With E�& and E�# , wecanrewrite Eq.3 into Eq.6, which

givesusanotherinterpretationon how theoriginal imageis
blurred.Eq.7 is theinverseproblemto Eq.6, whereif ma-
trices E�& and E�# arebothwell-conditioned,thesolution �



shouldbestable.Theconditioningof Eq.6 will beanalyzed
in detail in Sec.5.	�
V,-��
��$&/1Q
��.#�
�E�#W(X,YE�&�(U�LZ)1[Z (6)�G
3,YE�& ;=% (X,YE�# ;=% (\	"1 Z 1 Z (7)

4.2. HHQR

To actuallysolvethesystemof Eq.6, weuseHousehold-
er triangularizationbasedQR factorization(HHQR) algo-
rithm [10]. HHQR hasbeenprovento bebackward-stable
which meansif the linear systemis well-conditioned,this
algorithmcanprovidetheaccuratesolution.

In our problem,HHQR algorithmis usedtwice to solve
thetwo linearsystemsderivedfrom Eq.6:

1. solve 	�
�E�#W(U�^] for �^] , and

2. solve � Z] 
�E�&�(U� Z for � .

4.3. Missing data estimation by consistency

Assumethe original imagehasonly integer brightness
values,andthesevaluesarewithin [0, 255], in particular,
themissingpixelsshouldhave their original integerbright-
nessvaluesbetween0 and255, the two linear systemsare
solvedasfollows:

1. Solve 	N
_E�#�(F� ] for � ] usingHHQR. Theprocess
is to deblur image 	 alongthe vertical direction. We
show in Sec.5 thatmatrix E�# is well-conditionedsuch
thattheinverseproblemis well-posed.

2. For the secondlinearsystem� Z] 
_E�&6(F� Z , HHQR
cannot be useddirectly, sincethereis onecolumnof
missingpixels in �^] . Instead,we solve eachrow of
the imageseparately, i.e. solve � Z] ,YK`1a
bE�&6(a� Z ,YK`1 ,
where K representsthe K th row in that image. For ex-
ample,if wehaveanimage� of dimensionc �ed , anda
separableblur kernel � of dimension

d ��f
, thesecond

linearsystemcanbewrittenasEq.8,ghhi � ] ,jKlk � 1� ] ,jKlk � 1�^]",jKlk f 1�^]",jKlk d 1
monn
p 


ghhi �$& > �$&�q S S�$& % �$& > �$&�q SS �$&L%r�$& > �.& qS S �$&L%s�.& >
monnp (
ghhi �t,jKlk � 1�t,jKlk � 1�t,jKlk f 1�t,jKlk d 1

monnp
(8)

Assumethe missing pixel is in the 3rd column, we
thenhave 5 unknowns( �t,jKlk � 1 , �t,YKlk � 1 , �t,jKlk f 1 , �t,YKuk d 1 and�^]<,jKlk f 1 ) but only 4 equationsin thelinearsystem.To solve
this problem,we needto find anothercondition. Sincewe
alreadyknow that �t,jKlk f 1 shouldbe an integer between0
and255,anexhaustive searchcanbecarriedon by assum-
ing �t,jKlk f 1 is eachoneof them,whichprovides4 unknowns

and4 equations.Reconstructvectors� ] , � , andmatrix E�&
in Eq. 8, so that all the unknowns are at one side of the
equation,like Eq. 9. We denotethe matrix reconstructed
from E�& as E�vw& , andshow in Sec.5 that it is alsowell-
conditioned.ghhi �^]",YKuk � 1�^]",YKlk � 1+���$& qJx �t,jKlk f 1�a�$& > x �t,YKuk f 1�^]",YKlk d 1+���$&L% x �t,jKlk f 1

m nn
p 


ghhi �.& > �.&/q S S�.& % �.& > S SS �.& % � � �.&/qS S S �.& >
monnp (

ghhi �t,YKuk � 1�t,YKuk � 1� ] ,YKuk f 1�t,YKuk d 1
monnp (9)

Solve the new linear systemby HHQR, andcheckthe
solutionto seeif it satisfiesthe consistency criterion, that
is, the solutions( �t,jKlk � 1 , �t,YKlk � 1 , �t,jKlk d 1 ) are all between
0 and 255 and are all integers. If they do, then the pro-
cesscancontinueto thenext row; otherwise,next valueof�t,jKlk f 1 is attempted.Thewell-conditionedproblemandthe
backward-stablealgorithmassurethatthesolutionis unique
andaccurate.

5. Conditioning Analysis

Conditioningof a mathematicalproblemis measuredby
the sensitivity of output to changesin input. For a well-
conditionedproblem,a small changeof input doesnot af-
fect theoutputmuch;while for anill-conditionedproblem,
asmallchangeof inputcanchangetheoutputa greatdeal.

Conditionnumberis themeasurementof thecondition-
ing of a problem. The conditioning of a linear systemy &�
{z is determinedby the conditionnumberof matrixy

. Therelativeconditionnumber| is definedasEq.10,|}
�~ y ~�~ y ;B% ~ (10)

where ~ x ~ usually indicatesthe 2-norm. | is in the
rangeof � � kl��1 . When |�� �

, the linear systemis ill-
conditioned.

While mostof theliteratureonimagerestorationconcen-
trateson smoothingmethodsto reducethe effect of noise,
few [4][6] pay attentionto quantify the amountof ill con-
dition of the blur kernel. Sincethe whole ideaof the con-
sistency methodis built uponthe well-conditioningof the
two linearsystems,analyzingtheamountof ill conditionof
matricesbecomesanimportantissue.

In the missingdataestimationproblem,the condition-
ing of the two linearsystemsis measuredby thecondition
numberof thetwo matrices:E�# and E�vw& .

Fig. 3 shows the condition numberof E�# calculated
with different imagesizesand different Gaussianblur k-
ernelsizes.Fig. 3 (a) is thegrowth curvefor

f���f
blur ker-

nel. Thecurve increasessteadilywithout converging to an



upperbound,which indicatesthesystemis ill-conditioned.
Fig. 3 (c) showssix curveswith respectto six differentker-
nelsizes:c � c , � � � , � � � , ���U�6��� , �'fX�6�Tf , and

� c �G� c .
All thecurvesbehavesimilar: asharpincreaseat thebegin-
ning andasymptoticallyconverge to a constant(lessthan
11) after the imagesize is larger than

�TS�S����TS�S
. Fig. 3

(b) displaysthreecurvescorrespondingto different image
sizes.It indicatesthatall theconditionnumbersfall into the
areawith anupperboundcreatedby the largestimagesize
(
��S�S�Sa���JS�S�S

) anda lowerboundrelatedto thesmallestim-
agesize(

� c ��� c ). The upperboundis around10, which
demonstratesthewell-conditioningof thesystem.
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Figure 3. Condition number of matrix E�# with
respect to diff erent image and kernel sizes.

Matrix E�v'& is reconstructedfrom E�& . Its conditioning
curvesbehave very similar to thoseof E�# , exceptthat the
upperboundis larger (lessthan450) thanthat from Fig. 3
(b) and(c). This still indicateswell-conditioningsincethis
boundis not fargreaterthan1.

Fromtheaboveanalysis,weclaimthatwhenblur kernel
is larger than

fN��f
, both of the linear systemsare well-

conditioned.We alsopoint out that this result is obtained
from experiments,whichhasnot beenprovedyet.

At thebeginningof Sec4, wemadeseveralassumptions
to simplify the restorationproblem.This sectiondiscusses
thepossiblerelaxationto theseassumptions.Exceptthatthe
blurkernelstill needsto beseparable,weshow thatotheras-
sumptionscanall berelaxedto a certaindegree,thoughby
sacrificingcertainamountof accuracy of the solution. We
first analyzesensitivity of solutionto perturbationsin blur
kernel( � ), andperturbationsin measuredimage( 	 ) caused
by the insertionof noise( � ). We alsoevaluatethe condi-
tioningof problemwhentherearemorethanonecolumnof
missingdata. Finally, we relax the assumptionof integer-
typed original image,and designa neighbor least square
error criterionto selecttheoptimalsolution[8].

5.1. Sensitivity of solution to perturbations in blur
kernel

Accordingto [10], in a linearsystem
y &�
�z , sensitiv-

ity of solution & to perturbationsin z canbe measuredby

Eq.11, ~�&����&�~~�&N~ 
 |�, y 1� ~U�JzW~~UzW~ (11)

where � 
����2���o��������=�0� . Sensitivity of & to perturbationsin
y

canbeestimatedby Eq.12.~\&6���&N~~�&�~ P |�, y 1 ~U� y ~~ y ~ (12)

In our system,perturbationsin blur kernel ( � ) are re-
flectedin blur matricesE�# and E�vw& asshown in Eq. 13
andEq.14. ,YE�#����^E�#"1 �� ] 
�	 (13),YE�v'&����^E�v'&L1 �� Z 
D� Z] (14)

Basedon Eq.12, sensitivity of � with respectto pertur-
bationsin E�vw& canbeexpressedbyEq.15. BasedonEq.11
andEq. 12, sensitivity of � to perturbationsin E�# canbe
expressedby Eq.16,~���� ���~~U�N~ P |�,4E�vw&/1 x ~U�^E�vw&�~~�E�vw&�~ (15)

~U��� ��N~~��N~ 
 |�,4E�vw&/1� � x ~U�J� ] ~~��^]�~ P |�,YE�vw&L1`|�,4E�#.1� � x ~��^E�#�~~�E�#�~
(16)

where � � 
������u�0�[�o���0������u�J� �0� , a numbergreaterthan1, but very
closeto 1. If E�v'& and E�# have the samedegreeof per-
turbation,thenEq. 15 derivesa smallerupperboundthan
Eq. 16. Therefore,sensitivity of � to perturbationsin blur
kernel � is measuredmoreaccurateby Eq.15.

5.2. Sensitivity of solution to perturbations in mea-
sured image

Perturbationsin measuredimage	 canbeinterpretedas
the effect of insertednoise. The two perturbedlinear sys-
temscanbewrittenasEq.17 andEq.18.E�# x �� ] 
�	W���'	 (17)E�vw& x ��LZN
D�LZ] ���J�LZ] (18)

Sensitivity of � ] to perturbationsin measuredimage	 is
definedby Eq.19basedon Eq.11,~U�^]F� ��^]�~~�� ] ~ 
 |�,4E�#.1� ] x ~��'	�~~�	�~ (19)

where � ] 
 �-� ] ���o���[ J���� ] � �` J� , a numbergreaterthan1, but very
closeto 1. Sensitivity of � to perturbationsin measured
imageg canbederivedby Eq.20.~U��� ��N~~��N~ 
 |�,4E�vw&/1� � x ~U�J� ] ~~��^]�~ 
 |�,YE�vw&L1`|�,4E�#.1� � x � ] x ~��'	�~~\	�~

(20)
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Figure 4. Condition number of Drx with dif-
ferent number s of missing columns at kernel
size c � c .
CompareEq. 20 with Eq. 15, if E�vw& and 	 have same

degreeof perturbation,thensolution � canbelesssensitive
to perturbationsin blur kernelthanto perturbationsin mea-
suredimage.Wewill verify thisconclusionbyexperimental
resultsin Sec.6.

5.3. Conditioning analysisfor more than onemiss-
ing column

If therearemorethanonecolumnof missingdatain the
measuredimage,the conditionnumberof the vertical blur
matrix E�# staysthesame,but conditionnumberof the re-
constructedhorizontalblur matrix E�vw& is changed.Here,
two problemsneedto be considered:how many missing
columnscanbein theimage,andhow faraway thesemiss-
ing columnsshouldbeapartfor stableinverse.

Fig. 4 shows theconditionnumberof E�vw& with blur k-
ernel( � ) at dimensionc � c . Thethreeplotsaregenerated
with differentnumbersof missingcolumns(2, 3, and4).
We canseethat no matterhow many columnsaremissed
in the measuredimage,andhow far away the two nearest
missingcolumnsareapart,all of theplotsbehavesimilarly
- afteraninitial perturbation,all plotsconvergeto aconstant
conditionnumber, which is around120.

Fig. 5 comparesthe conditionnumberof E�v'& with d-
if ferentkernelsizewhentwo columnsof dataaremissed.
Both of thetwo curvesincreasesteadilywith respectto the
kernelsize.

Theseresultssubstantiateourclaimthatwhenmorethan
onecolumnof dataaremissed,it is not the imagesize,or
the distancebetweentwo nearestmissingcolumns,or the
numberof missingcolumnsthataffect the conditionnum-
ber, it is thekernel size thatplaysthemostimportantrole.
Whenthe kernelsize is lessthan

�TS����TS
, the problemis

still well-conditioned.Thelargerthekernelsize,theworse
theproblemis conditioned.

5.4. Neighbor leastsquareerror consistency

The lastassumptionwe madeis that the original image
needsto be of integer type. We relax this assumptionto
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Figure 5. Condition number comparison of
Drx, missing 2 columns of data, with diff er-
ent kernel size: c � c , � � � , � � � , and

���a�����
.

float-typeimageanddesigna new consistency criterion to
beusedwhenselectingtheoptimalsolutionat the laststep
of theconsistency method.We call it neighbor least square
error (NLSE) consistency criterion. For eachpossibleso-
lution of �t,YK`1 (the K th row of therestoredimage)solvedby
assumingthe missingpixel rangesfrom 0 to 255, the op-
timal solution is the one that minimizesNLSE. NLSE is
computedby Eq.21, where � is thecolumnpositionof the
missingdata,and � is the numberof neighborsthat is in-
volvedin this leastsquareerrorcomputation.It is important
to choosecloseneighborsinsteadof the entirerow for the
computation.

~��t,jK`1B
��$&����^]<,jK`1�~ > 
 ¡ IB¢£¤�¥ ¡ ;/¢
� �t,jK`1Q
��$&/1 ¤ ���^]<,jKlk-M<1�¦ >

(21)

6. Experimental Results

Basedonthetheoreticalanalysisin Sec.5, thissectione-
valuatesthealgorithmperformanceby experimentalresults
usingsyntheticimages. Five syntheticimages(piecewise
constant,piecewise linear, piecewise quadratic,sinusoid,
andmammogram)aregeneratedshowing differentdegrees
of smoothnessanddifferentimageproperties.

Experimentalresultsfrom both the consistency method
(usinginteger criterion andNLSE criterion) andthe mean
fieldannealing(MFA) method[3][2] areexhibitedandcom-
pared.

With thecompletesetof assumptions(Sec.4) satisfied,
the consistency methodusing integer criterion can recov-
er the missingcolumn exactly from the measuredimage.
A cross-correlationcomparisonbetweentheoriginal image
andtherestoredoneusingdifferentmethodsshows thatthe
consistency methodwith integer criterion always has the
highestcross-correlationcoefficient,which is 1. TheNLSE
criterion shows better correlationthan the MFA method
most of the time except for sinusoidimages. SeeFig. 6.



Figure 6. Cross-correlation comparison.

Figure 7. Cross-correlation comparison.

We alsoconductexperimentsby relaxingtheblur kernel
andnoisefreeassumptions.

We useblur kernel � to blur theoriginal image,but use�a�¨§ to restorethemeasuredimage,where§ representsthe
erroraddedto a blur kernel. Theaccuracy of anestimated
blur kernelis measuredby correctnumberof digits. For ex-
ample, §�
 �w© or

S x �^© meansthe 2nd or the 3rd digit of
elementsin the blur kernelis not correct. From the cross-
correlationcomparisonin Fig. 7, we canseethat theMFA
methodis not sensitive to very small errorsin the blur k-
ernelsincethecorrelationcoefficientsdo not changewhen
increasingthe error rate from 0.1% to 1%. However, the
coefficientsof the consistency methodwith NLSE criteri-
on dropswhen increasingthe error. Whenerror is on the
3rd digit, the consistency methodprovidesbettercorrela-
tion than the MFA methodexcept for the sinusoidimage.

Threedegreesof Gaussianwhite noisesare insertedto
the blurred imagewith onecolumn deleted. The column
profilesof restorationresultsin Fig. 8 show us that when
noiseis verysmall,theconsistency methodperformsbetter
thanthe MFA method,it achievesa highercorrelationco-
efficient thantheMFA method.However, whenincreasing
thestandardderivationof theinsertednoise,theconsistency
methodis muchmoredisturbedthantheMFA method.

To summarize,the consistency method works better
whenthenoiseanderrorsin theblur kernelaresmall. Per-
formanceof theconsistency methodmaybelargelyaffected
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Figure 8. Column profiles comparison. The
seven cur ves (from top to bottom) represents
profiles from the original image, restored im-
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 � ), by MFA ( ªR
 � )

by perturbationsin the estimatedblur matrix, or by noise,
with perturbationsin noiseplayinga moreimportantrole.
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