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FDTD Analysis of 100%-Efficient Polarization-Independent
Liquid Crystal Polarization Gratings

Chulwoo Oh, Ravi Komanduri and Michael J. Escuti

Dept. of Electrical and Computer Engineering, North Carolina State Univ., Raleigh, NC, USA

ABSTRACT

We report a numerical analysis of the liquid crystal polarization grating (LCPG) as an electro-optically controlled,
polarization independent light modulator. The 2D finite-difference time-domain (FDTD) modeling for periodic
anisotropic structures has been developed as a numerical tool to study optical properties of anisotropic gratings.
Both normal and oblique incidence cases are successfully implemented for wide-band analysis. Nematic director
profiles of the LCPG are obtained from elastic free-energy calculations using a commercial software tool, called
LC3D. A study of the essential diffraction characteristics of the LCPG is presented, which manifests pixel-level
light modulation with a nearly 100% efficiency on unpolarized light. The effect of an off-axis input and the grating
regime on the LCPG diffraction is investigated. Finally, we present a study of the electro-optical response of the
LCPG when an electric field applied for both static and dynamic cases. The FDTD results show that a highly
efficient, polarization-independent light modulation with capability of an electrical switching/tuning is possible
by the LCPG.

Keywords: polarization grating, FDTD, liquid crystal, light modulator

1. INTRODUCTION

Researchers have searched for compact, highly efficient, and low-voltage-driving LC devices as a light modula-
tor/grating for various applications including projection displays, beam steering, optical storage, tunable spectral
filters, and diffractive optics. Bos and coworkers proposed several liquid crystal (LC) binary gratings, potentially
highly efficient and polarization-independent.1–4 However, these LC gratings were plagued by disclination lines
and relatively large grating periods due to the discrete nature of binary gratings.

(a) (b)

(c) (d)

Figure 1. The liquid crystal polarization grating (LCPG): (a) orientation of nematic director, (b) top-view and (c)
side-view of the well-aligned diffracting state (VA < Vth and d < dC), and (d) side-view when thresholds are exceeded
(VA > Vth or d > dC).

The polarization grating (PG) is a polarization-selective optical element composed of a periodically varying
anisotropy as shown in Fig. 1(b). Since the first report of PGs appeared in Soviet journals,5 the diffraction
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properties of PG have been studied through theoretical and experimental works by many research groups.6–9

PGs operate by periodically modulating the state of polarization of light passing through them. The most
distinct feature of PGs from conventional gratings is its Bragg property, ∼ 100% diffraction efficiency into the
first order(s), with a thin-grating structure regardless of input polarization.

The primary means for creating PGs is using polarization holography with anisotropic organic recording
materials (e.g. azo-containing polymers or azo-dyed glasses).6, 10, 11 An effective fabrication technique for creating
PGs employing photo-alignment techniques was proposed.12, 13 However, PGs of the initial experiments suffered
from defects, degrading their optical properties. Recently, we have succeeded to experimentally realize high-
quality liquid crystal PGs (LCPGs) by a careful choice of LC and photo-alignment materials.14

The LCPG owes its unique optical properties to a spatially-varying uniaxial birefringence in the grating plane
that can be embodied in a nematic director described as n(x) = [sin(πx/Λ), cos(πx/Λ), 0], where Λ is half of the
nematic period (P ). Simple analytic expressions for diffraction efficiencies can be obtained using the 2× 2 Jones
matrix method:14

η0 = cos2
(

π∆nd

λ

)
(1)

η±1 =
1 ∓ S′

3

2
sin2

(
π∆nd

λ

)
(2)

where ηm is the diffraction efficiency of the mth order, ∆n is the birefringence of liquid crystals, d is the cell gap,
λ is the wavelength of incident light, and S′

3 = S3/S0 is the normalized Stokes parameter corresponding to the
ellipticity angle of input polarization. Note that the paraxial approximation and a thin grating with the infinite
width at normal incidence are assumed to derive the analytical solutions.

From Eq. 1 and 2, the unique diffraction characteristics of the LCPG can be summarized:

1. the 0th order is polarization independent;

2. the first orders show 100% diffraction efficiency when ∆nd = λ/2;

3. the first orders have polarization selectivity, but the sum is constant over arbitrary input polarization.

These essential optical properties of the LCPG were confirmed by a numerical analysis using the finite-difference
time-domain (FDTD) method.15 In addition, the elastic continuum analysis of the LCPG in Ref. 15,16 predicts
that the LC configuration in the grating will be deformed when the thickness (d) is larger than the critical
thickness dC or when an applied voltage (VA) exceeds the threshold value Vth.

An electro-optic switching or tuning occurs in the LCPG as an applied field reorients the nematic director out
of plane, decreasing the effective retardation. The reorientation of liquid crystals leads in a coupling of energy
between the 0th order and the ±1st orders. Fig. 1(d) shows an example of electrical switching of the LCPG
when VA > Vth.

In this paper, computer simulations are used to study the optical properties of the LCPG. We combined
the modified FDTD method for periodic anisotropic media with a liquid crystal director modeling tool called
LC3D.17 LC director configurations from LC3D results are used for the FDTD optical simulations. First, we
present the diffraction spectra and polarization selectivity of the LCPG. Then, the diffraction properties for
oblique incidence and the paraxial limit of the LCPG are studied. Finally, we test the electro-optical response
of the LCPG for both static and dynamic case.

2. NUMERICAL METHOD DESCRIPTION

2.1. Liquid crystal director calculations

Material parameters of liquid crystal MLC-608018 (Merck) are used for the LC configuration calculations. LC
material parameters are given in Table 1. A strong anchoring condition is assumed for both top and bottom
substrates.
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Table 1. Material parameters of MLC-6080

Parameter Numerical value

Elastic constants (pN) k11 = 14.4, k22 = 7.1, k33 = 19.1
Relative dielectric constants ε⊥ = 3.9, ε‖ = 11.1

Refractive indices n⊥ = 1.5, n‖ = 1.7

The grating thickness is d = 2µm and the optical pitch is Λ = 11µm, which is a half of the nematic period
P = 22µm. From Eq. 2, the maximum diffraction into the first orders can occur when the grating parameters
satisfy the λ/2 retardation condition (∆nd = λ/2). The LCPG can be tuned by applying electric fields across
the cell to get the maximum diffraction efficiency at a certain wavelength.

We calculated the equilibrium LC configurations to minimize the total elastic energy with varying an applied
voltage across the cell. To study the dynamics during transitions of “ON” and “OFF” switching, we also
calculated the dynamic LC director response during switching. The pre-tilt angle is assumed 0 for the static
cases while 1◦ for the dynamic cases because the LC3D results become unstable without a small pre-tilt. Fig. 2(a)
and 2(b) illustrate the calculated LC configurations corresponding to applied voltage of 0V and 5V , respectively.
The numerical calculations were carried out with a 440nm× 100nm grid-spacing, and then we interpolated the
results for a finer grid of 10nm× 10nm, which is suitable for the FDTD optical simulations.
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(a) LC configuration at VA = 0V
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)

0

(b) LC configuration at VA = 5V

Figure 2. Nematic director orientation profiles for the LCPG at different applied voltages: (a) VA = 0V ; (b) VA = 5V .

2.2. Finite-Difference Time-Domain method

We examine the optical properties of the LCPG with various grating parameters. To this end, we apply the 2-D
finite-difference time-domain (FDTD) method for periodic anisotropic media. The FDTD method is a numerical
technique to directly solve for Maxwell’s time-dependent curl equations based on the Yee algorithm.19

For source-free anisotropic media, Maxwell’s equations can be written as

∂E(r)
∂t

= ε0ε̃
−1(r) · [∇× H(r)] (3)

∂H(r)
∂t

= −µ−1
0 · [∇× E(r)] (4)

where ε̃−1(r) is the inverse of the optical dielectric tensor that describes the uniaxial birefringence of a nematic
director at a position r. The dielectric tensor ε̃ can be determined by two angles, the azimuth angle (φ) and the
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tilt angle (θ) of a nematic director:

ε̃ =

⎡
⎣ sin φ cos θ cosφ sin θ cosφ

− cosφ cos θ sin φ sin θ sinφ
0 − sin θ cos θ

⎤
⎦

⎡
⎣ n2

‖ 0 0
0 n2

⊥ 0
0 0 n2

⊥

⎤
⎦

⎡
⎣ sin φ − cosφ 0

cos θ cosφ cos θ sin φ − sin θ
sin θ cosφ sin θ sinφ cos θ

⎤
⎦ . (5)

where n⊥ and n‖ are the ordinary (perpendicular) and extraordinary (parallel) refractive indices, respectively.
The information of two orientation angles (φ and θ) can be extracted from the results of LC3D calculations for
the LC configuration of the LCPG.

For periodic media, the simulation space can be reduced into a unit structure by applying periodic boundary
conditions (PBCs). The FDTD implementation of PBCs is straightforward in the case of normal incidence.
However, at oblique incidence, phase variation across the Yee grid cells leads in a time-advance or -retardation,
which cannot be directly solved in the time-domain. This difficulty can be circumvented using a new set of field
variables: P = E exp(jkxx) and Q = 120πH exp(jkxx). Substituting P and Q fields variables into Eq. 6 and 7,
the modified Maxwell’s equations in the frequency domain now become:

jω

c
P(r) = ε̃−1(r) · [∇× Q(r)] (6)

jω

c
Q(r) = −∇× P(r) (7)

where c is the speed of light in the vacuum, ω is the angular frequency defined as 2πf .

The FDTD solution for these new equations may involve a considerable complexity. An efficient FDTD
implementation method is the split-field update technique, proposed by A. Roden and his coworkers.20 However,
the previous work was limited to material properties with diagonal tensors. We expanded the split-field FDTD
method for more general anisotropic media having non-diagonal tensors. The complete FDTD formulations can
be found in Ref. 21.

Two remaining boundaries must be treated by a proper boundary condition to avoid non-physical reflections.
The computational space truncation can be done by placing artificially absorbing media with nearly zero re-
flection. We construct absorbing boundaries using the Uniaxial Perfectly Matched Layer (UPML) technique22

because the UPML shows the best performance as a absorbing boundary condition and it can be also easily
implemented in the split-field FDTD method.

Fig. 3 illustrates a 2-D geometry for FDTD simulations. The LCPG can be defined in the FDTD domain
by mapping the calculated director configuration into the dielectric tensor. Graded-index antireflection layers23

Ez

Ex

Hz
Hx

Ey

Hy

(a) 2-D Yee Grid
z

xPML

PML

Periodic B
oundary

Periodic B
oundary

Incident
Plane-wave

y

Near-field collection line

Unit Cell Structure

(b) FDTD Geometry

Figure 3. Schematic view of (a) bi-dimensional Yee grid and (b) 2-D FDTD computational space.
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are placed at the face and back of the LCPG to minimize reflections at the air-LCPG interfaces due to index
mismatch. We use a standard Gaussian pulse as an input signal for wide-band analysis.

The far-field information for the Floquet mode m can be obtained by collecting the near-field results right
behind the LCPG and transforming them as follows:

Em
TE,far(t) =

1
Λ

∫ Λ

0

[Px,near(t, x) cos θm − Pz,near(t, x) sin θm] exp
(

j
2πm

Λ
x

)
dx (8)

Em
TM,far(t) =

1
Λ

∫ Λ

0

Py,near(t, x) exp
(

j
2πm

Λ
x

)
dx (9)

where the subscripts “TE” and “TM” represent the TE- and TM -components of the far-field for the m-th order
of diffraction. The LCPG follows the normal grating equation, θm = sin−1(mλ/Λ). Then, the DFT is applied
at every time-step to extract the frequency information.

The maximum Yee grid spacing (∆u) is 1/40th of the center wavelength (λ0) and the time-resolution (∆t) is
∆u/3c. The typical simulation parameters are summarized in Table 2.

Table 2. FDTD Simulation Parameters

Parameter Normalized value Sampled value

Spacial resolution (∆u) λ0/40 20nm
Temporal resolution (∆t) ∆x/3c 0.022fs
Gaussian pulse width (T ) 50∆t 0.11fs
PML thickness 40∆u 800nm

3. NUMERICAL ANALYSIS OF LC POLARIZATION GRATINGS

The most unique feature of the LCPG is its 100% diffraction (a Bragg property) with a thin grating structure.
Fig. 4(a) and 4(b) shows the near-field images of the electric field for linear and circular input polarization
when ∆nd = λ/2 and Λ = 40λ. The calculated diffraction efficiencies are illustrated in Fig. 5(a) as a function
of the normalized retardation (∆nd/λ). Only three diffraction orders (the 0th and ±1st) appear in the LCPG
diffraction. The maximum diffraction into the first orders can occur when ∆nd = λ/2. Regardless the input
polarization, the diffraction efficiency of the 0th order remains same, while the first diffraction orders are sensitive
to the ellipticity angle (χ) of the input polarization as shown in Fig. 5(b). By checking the Stokes parameters
for diffracted orders, we confirmed the first orders have orthogonal circular polarization while the zeroth order
has the same polarization state as the input. For all aspects of Eq. 1 and 2, the FDTD results show excellent
agreement with the analytical solutions.

We also test the optical performance of LCPGs for an off-axis input by varying the angle of incidence. Fig.
6(a) shows the calculated diffraction efficiencies for different incident angles (θinc) from 0 to 45◦ when ∆nd = λ/2
and Λ = 40λ. The 0th order appears as the incident angle increases even in the λ/2 retardation condition. It
can be explained by the fact that the effective retardation can vary with the propagation direction inside of the
grating. Still, most (∼ 99.5%) energy stays in the three diffraction orders (the 0th and ±1st) even at a fairly high
incident angle up to θinc = 45◦. However, the polarization state of the first order becomes elliptical rather than
perfectly circular when θinc > 30◦ of incidence. Slightly larger degradation in polarization property of the −1st

order is observed than that of the +1st order. Still, the LCPG retains its unique diffraction properties when
θinc < 30◦.

Proc. of SPIE Vol. 6332  633212-5
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Figure 4. Near-field images of the electric field for (a) circularly polarized input and (b) linearly polarized input. The
grating parameters are Λ = 20λ, n0 = 1.6, ∆n = 0.2, and ∆nd/λ = 0.5.
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Figure 7. Diffraction properties of the LCPG for different values of the ρ parameter: (a) spectral response; (b) maximum
achievable efficiency.

Light propagating in the LCPG diffracts in the paraxial limit, where thin gratings operate. The LCPG
can be classified into the Raman-Nath (thin) grating regime even though it can perform a Bragg property; no
higher diffraction order than the first orders. As mentioned earlier, the analytic expressions for the diffraction
efficiencies of the LCPG were derived assuming paraxial approximations. One may expect that the unique
diffraction properties of LCPGs will be degraded beyond the paraxial limit and the analytical solutions are no
longer valid.

A traditional method to determine the grating regime is evaluating the grating parameters by a normalized
parameter Q = 2πλd/Λ2n0 where n0 is the average index of refraction of the medium.24 Moharam25 introduced
an alternative method using the parameter ρ = λ2/Λ2n0n1 where n1 is the index modulation factor. When the
media has uniaxial birefringence, n0 ≈ 1

2 (n⊥+n‖) and n1 can be replaced with ∆n/2. For conventional gratings,
the Raman-Nath behavior is expected when Q < 1 or ρ < 1 and the Bragg diffraction when Q � 1 or ρ � 1.

To test the paraxial limit of the LCPG, we varied grating parameters Λ and d for different values of Q and ρ.
For FDTD optical simulations, only the grating thickness d was a variable for each ρ value and a monochromatic
plane-wave was used instead of the Gaussian pulse. Also, we assumed that nematic directors retain the perfect
sinusoidal LC configuration of Fig. 1(b) though the grating profile will be deformed when Λ is comparable to
the thickness.15 Note that we directly used sine-functions for the nematic director profile, not from the LC3D
calculations.

Fig. 7(a) shows the diffraction efficiency (a sum of η±1) for as a function of ∆nd/λ. We found that the effect
of ρ parameter dominates in the most cases of our interest. Especially, a significant degradation of the maximum
diffraction efficiency was found for large ρ parameters as shown in Fig. 7(b). We note that the traditional
threshold values for the gratings regimes may be still applicable to the LCPG; the thin (Raman-Nath) regime
when ρ ≤ 1; the Bragg grating regime when ρ � 1.

Electro-optic tuning or switching of the LCPG is possible by applying electric fields across the cell. Nematic
directors in LCPGs are aligned according to the surface condition and they stay in the grating plane without
applied fields. When an external field exceeding the threshold value is applied to the LCPG cell, the LC directors
start to be reoriented along to the direction of the field as shown in Fig. 8(a).

To evaluate the effect of external fields, we vary the applied voltage (VA) across the LCPG cell. The LC
director angles, calculated from the LC3D configurations, are used to define grating structures at each applied
voltage VA. Fig. 8(b) shows the spectral response of the zeroth order transmission for different values of VA.
As mentioned earlier, the applied electric field leads in reorientation of LC directors resulting a red-shift of the
diffraction spectrum because light propagating in the LCPG sees reduced effective retardation.
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Figure 8. Electro-optic switching of the LCPG: (a) “ON” and “OFF” state of the LCPG; (b) spectral response of the
0th order transmission for different values of VA.
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Basic switching behavior is illustrated in Fig. 9(a) and 9(b). The diffraction efficiencies (a sum of η±1) for
two wavelengths, 550nm and 800nm, were calculated as a function of VA. As expected in Ref. 14, the threshold
voltage (Vth) is found around 1.5V . When VA > Vth, the diffraction energy moves from the first orders to the 0th

order as an applied voltage increases. Though the grating thickness is optimized for the maximum diffraction
efficiency at 800nm, a high efficiency at other wavelengths can be achieved at ∼ 2V .

Fig. 10 shows the dynamic response of LCPGs to a 10V rms square wave. For all wavelengths, 0.6ms of
rise-time (ton) and 10ms of fall-time (toff ) are found. While the order of magnitude is similar, we note that the
predicted switching times are longer than the previous experimental data (ton � 0.2ms and toff � 1.6ms).14

Also, a time-delay (∼ 0.2ms) exists when “ON”-switching, which is not found for our LCPG samples. The
discrepancy between numerical and experimental results shows that some of important dynamic aspects are
missing in the LC director configuration calculations.

4. CONCLUSIONS

We have studied the optical properties of the LCPG diffraction using the FDTD method combined with LC3D.
The angle information of nematic directors from LC configuration calculation results was used in optical analysis
by the FDTD method. Basic diffraction characteristics of the LCPG have been successfully confirmed by the
FDTD simulation results. The optical response of the LCPG to the off-axis input was tested. It was found
that high diffraction efficiency can be achieved at a relatively high incident angle (i.e. 30◦) with same diffraction
properties; three diffraction orders (0th and ±1st) and circularly polarized first orders. The electro-optic response
of the LCPG was also tested for both static and dynamic situations. Electrical tuning and switching was observed
in the FDTD optical simulations when VA > Vth. Computer simulation results show good agreement with
analytical solutions or previous experimental data. We believe that numerical methods (a combination of FDTD
and LC3D) be very useful to optimize the LCPG design for more advanced performances.
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