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Achromatic polarization gratings as highly efficient thin-film
polarizing beamsplitters for broadband light

Chulwoo Oh and Michael J. Escuti

North Carolina State Univ, Dept Electrical & Computer Engineering, Raleigh, NC (USA)

ABSTRACT

We introduce and experimentally demonstrate an achromatic polarization grating (PG), which manifests high
diffraction efficiency (> 99.5%) over a broad range of spectrum. Unlike conventional phase gratings, this family
of PGs has unique diffraction properties including three non-zero diffraction orders (m = 0,±1) with up to
100% efficiency and strongly polarization sensitive first-order diffraction. It has long been recognized that
these diffractive optical elements are useful for beamsplitting, polarimetry, displays, and more. A conventional
(Circular-type) PG implemented with a spiraling, in-plane, linear birefringence has a modest spectral range
(∆λ/λ0

∼= 6.8%) over which it possesses > 99.5% efficiency. We have identified a two-layer twisted PG structure
that achieves achromatic diffraction that achieves a five-fold improvement of the high efficiency bandwidth
(∆λ/λ0

∼= 34.3%). We have successfully implemented this structure with reactive mesogens (polymerizable
liquid crystals) with a small amount of left- and right-hand chiral agents, and here report on its operation
over nearly the entire range of visible light. We also investigated the behavior of the achromatic PG with the
finite-difference time-domain method using an Open Source software package WOLFSIM, developed at NC State
University, in order to evaluate the angular selectivity and the paraxial limit.

Keywords: achromatic diffraction, polarization grating, liquid crystals, reactive mesogens, holography, polar-
izing beamsplitter, circular polarizer

1. INTRODUCTION

Polarization measurement is important for a wide range of applications including spectropolarimetry, ellip-
sometry, remote sensing, biomedical imaging, optical communication, and quantum computing. Most traditional
method for polarimetry is to measure the time-dependent signal transmitted through rotating quarter-waveplates
or polarizers. These mechanical parts limit the detection speed and may cause severe vibration. An alternative
way is to use polarizing beamsplitters separating the signal into the characteristic polarizations (i.e. orthogonal
linear or orthogonal circular). However, conventional polarizing beamsplitters employing natural crystals such as
quartz or polarization-sensitive thin-film structures generally have poor angular selectivity and strong wavelength
dependency, which limits their applicability.

In recent years, polarization gratings (PGs)1–4 have been introduced as efficient polarizing beamsplitters
or optical switches.5–8 The most-studied PGs have its anisotropic profile consisting of a spiraling, constant-
magnitude, linear birefringence (i.e. n(x) = [sin(πx/Λ), cos(πx/Λ), 0], where n is a unity vector to describe the
orientation of the linear birefringence and Λ is the effective optical period) as shown in Figure 1(a) and 1(b),
which are also called Circular PGs9 due to their sensitivity of diffraction to the circular polarization. The ideal
diffraction efficiency at normal incidence can be derived with Jones calculus10 (a reformulation of Refs.1,4):

η0 = cos2
(

π∆nd

λ

)
(1a)

η±1 =
1
2

[1 ∓ S′
3] sin

2

(
π∆nd

λ

)
, (1b)
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Figure 1. Polarization Gratings (PG) - Basic geometry of a Circular PG, (a) top view & (b) side view; achromatic PG
with two chiral layers (opposite twist sense), (c) top view & (d) side view. Small bars depict the orientation of local linear
birefringence.

where ηm is the diffraction efficiency of the mth-order, λ is the vacuum wavelength of incident light, ∆n is
the linear birefringence, d is the grating thickness, and S′

3 = S3/S0 is the normalized Strokes parameter11

corresponding to ellipticity of the incident polarization. Circular PGs manifest a unique combination of optical
properties including only three orders (0 and ±1) possible, up to 100% efficiency into a single order, orthogonal
circular polarizations (left- and right-hand) of the first orders. Note that the diffraction behavior of Circular
PGs depends modestly on the wavelength (through ∆nd/λ in Eqs. 1).

Most important benefits of Circular PGs over conventional diffraction gratings can be summarized as two
features of diffraction properties: high efficiency up to ∼ 100% and polarization sensitivity of the first order
diffraction. Circular PGs have moderate diffraction bandwidth when compared with other gratings such as
blazed gratings, Bragg gratings, and Raman-Nath gratings. For blazed and Bragg gratings, ∼ 100% efficiency
can be obtained in special conditions (i.e. θinc = θblazed or θBragg) and they generally have a fairly wide useful
range of spectrum (i.e. from λ0/2 to 3λ0/2), which is somewhat larger than that of Circular PGs (i.e. from 3λ0/4
to 5λ0/4). However, diffraction efficiencies of both blazed and Bragg gratings are highly sensitive to incident
angle variation, which often requires mechanical motion or special treatment to match the optimal conditions for
the maximum diffraction. Up to now, no diffraction gratings have been reported to have high efficiencies (close
to 100%) in a wide range of spectrum. Although Tervo et al.12 reported an achromatic design of the diffraction
elements using subwavelength features, there is no practical method to implement such a kind of gratings.

Here, we introduce and demonstrate an achromatic polarization grating that exhibits high diffraction effi-
ciencies over a wide range of spectrum. Our approach is based on the retardation compensation, where two
low-twist, chiral PG layers are stacked with opposite twist sense. Figure 1(c) and 1(d) illustrates the layout of
the achromatic PG design. In Section 2, we will find the analytical solutions for general diffraction properties of
an ideal achromatic PG (assuming infinite grating period and normal incidence) using the Jones matrix analysis.
In Section 3, we also apply the finite-difference time-domain (FDTD) method13,14 using WOLFSIM ,15 which is
an open-source software package developed for periodic anisotropic media at NC State University. The angular
selectivity and paraxial limit of diffraction will be discussed as well as basic diffraction properties of the achro-
matic PG. Finally, in Section 4, we present the experimental demonstration of the achromatic PG as reactive
mesogen (RM) films with small amount of left- and right-hand chiral dopants.

2. THEORETICAL FOUNDATION OF ACHROMATIC POLARIZATION GRATINGS

In order to derive the governing expressions for the achromatic PG, we employ Jones matrix analysis.16 We see
the diffraction efficiencies and electric fields for an achromatic PG consisting of two symmetric chiral Circular
PGs with opposite twist sense. We will find the generic equations for a single chiral Circular PG and then we
will look for the solutions for the achromatic PG.
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A Circular PG is formed of the retardation film (or the waveplate) with periodically varying anisotropy. The
Jones matrix for a Circular PG can be expressed as

TPG = R(−φ)
[

e−iΓ 0
0 eiΓ

]
R(φ) (2)

where Γ = π∆nd/λ is the retardation, R is the rotation matrix, and φ = φ(x) = πx/Λ.

Now we consider a Circular PG with additional rotational variation along the thickness, often called twist in
liquid crystals. The Jones matrix for a stack of multiple thin layers (N) of the Circular PG with a small phase
shift ∆φ (or a twist) in the azimuth can be written as17

TPG,twist =
N∏

m=1

R (−m∆φ)TPG(∆Γ)R (m∆φ) (3)

where N is the number of PG layers, ∆Γ = Γ/N is the retardation of each thin layer, and φtwist = N∆φ is the
total twist angle. The achromatic PG is composed of a stack of two chiral Circular PGs with opposite twist
sense. The Jones matrix TAPG can be obtained simply by multiplying the Jones matrices for two Circular PGs:

TAPG = T′
PG,twistTPG,twist (4)

Note that the Jones matrix T′
APG for the second Circular PG can be obtained by substituting φ′ = φ + φtwist

and φ′
twist = −φtwist in Eqs. 2 and 3.

After considerable mathematical efforts (for more details, refer to Appendix A), the final expressions for
diffraction efficiencies of the achromatic PG can be obtained as follows

η0 =

[
cos2 X +

(
φ2

twist − Γ2
) (

sin X

X

)2
]2

(5a)

Ση±1 = 1 −
[
cos2 X +

(
φ2

twist − Γ2
) (

sin X

X

)2
]2

(5b)

where Γ = π∆nd/λ and X =
√

φ2
twist + Γ2. We omit the individual expressions for the first order efficiencies

(η±1) because of complexity. Interestingly, diffraction efficiencies (η0 or Ση±1) only depend on retardation (Γ)
and the twist angle (φtwist). In addition, the two first orders have orthogonal circular polarizatons as normal

 

 

0 0.25 0.5 0.75 1
0

10
20
30
40
50
60
70
80
90

0

20

40

60

80

100

∑η    (%)±1

Δλ

Δnd/λ (-)

tw
is
t

φ
  
  
  
 (

de
g)

0 0.25 0.5 0.75 1
0

20

40

60

80

100

Δnd/λ (-)

∑
η

  
  
(%

)
±1

(a) (b)

Circular PG

Achromatic PG

Figure 2. Calculated diffraction efficiencies of the achromatic PG composed of two chiral Circular PGs with opposite twist
sense: (a) Spectral range for high efficiency (Ση±1 ≥ 99.5%, enclosed area); (b) Diffraction spectra for φtwist = 70◦. Gray
scale levels depict diffraction efficiency and the bandwidth ∆λ/λcenter is maximized at the region shown. Note that d is
the thickness of each grating layer and the final grating thickness is 2d.
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Circular PGs while the polarization of the 0-order remains same as the incident polarization. We can interpret
that the polarization effect of twist is canceled out by two chiral layers with opposite twist sense.

To quantitatively evaluate the diffraction bandwidth, we introduce the spectral range ∆λ (units of wavelength)
for high diffraction efficiency as the range of wavelengths over which the total first-order diffraction Ση±1 is
≥ 99.5%. The normalized bandwidth ∆λ/λcenter (units of %) is defined as the ratio of the spectral range to its
center wavelength λcenter. Circular PGs have a modest diffraction bandwidth given by ∆λ/λcenter

∼= 6.8%.

Figure 2(a) shows a map of diffraction efficiency (Ση±1) as a function of the normalized retardation (∆nd/λ)
and the twist angle (φtwist). The spectral range ∆λ for Ση±1 ≥ 99.5% is highlighted in the figure. The
maximum bandwidth ∆λ/λcenter

∼= 34.3% is found when φtwist = 70◦. Note that this is a five-fold enhancement
in the maximum diffraction bandwidth as compared with Circular PGs. For twist angles smaller than 70◦,
the diffraction bandwidth increases gradually as the twist angle increases. On the other hand, the diffraction
bandwidth decreases drastically for higher twist angles. The achromaticity of the diffraction can be explained by
the counter chromatic dispersions of retardation by linear birefringence and induced circular birefringence due to
twist. The former becomes larger for shorter wavelengths while the latter becomes larger for longer wavelengths
and vice versa. When ∆nd = λ0/2 and φtwist = 70◦, the retardation compensation occurs by balancing out both
effects and the achromatic diffraction is achieved. Figure 2(b) shows a comparison of diffraction spectra of the
achromatic PG with that of the Circular PG.

The polarization sensitivity of the first orders was also calculated. As shown in Figure 3(a), first-order
diffraction is sensitive to the ellipticity angle χ of the incident polarization. As this ellipticity changes, diffraction
power is redistributed between the ±1-orders: for example, the first-orders have the same diffraction efficiency
for unpolairzed/linear polarization input, while all of the diffracted light appears in only one of the first-orders
for circular polarization input (selected by handedness). Figure 3(b) shows the first-order efficiencies η±1 at
the halfwave thickness ∆nd = λ/2 with respect to the ellipticity angle χ. Note that the 0-order efficiency is
independent to the incident polarization.
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Figure 3. Polarizaiton sensitivity of the first order diffraction of the achromatic PG with φtwist = 70◦: (a) Diffraction
spectra of the +1-order (dashed-line) and the −1-order (solid-line) for different ellipticity angles χ; (b) First order
efficiencies at ∆nd = λ/2 as a function of χ.

3. NUMERICAL STUDIES OF ACHROMATIC POLARIZATION GRATINGS

In this Section, we simulate the achromatic PG with an Open Source finite-difference time-domain (FDTD)
tool15 to model the angular selectivity and paraxial limit of the achromatic PG diffraction. Since the Jones
matrix analysis is only valid within the paraxial approximations (i.e. normal incidence and small diffraction
angles), Eqs. 5 for diffraction efficiencies may not be applicable at oblique incidence and small grating periods
close to the wavelength (i.e. Λ/λ ≈ 1). WOLFSIM (Wideband OpticaL Fdtd SIMulator)15 provides an efficient
optical simulation tool especially for periodic anisotropic media such as polarization gratings. WOLFSIM applies
the modified split-field FDTD method18 to simulate the electromagnetic propagation/scattering in arbitrary
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Figure 4. Schematics of the 2D FDTD simulation space. The inset figure shows the field distribution on square-grid
lattices. Note that the x-width is determined by the grating period.

anisotropic media at a general angle of incidence. Recently,9 we reported intensive numerical studies of the PG
diffraction using WOLFSIM.

Figure 4 illustrates the geometry of the 2D simulation space for the analysis of the achromatic PG. The
grating structure is located in the middle of the square grid space by defining material parameters at every grid
point. For the Circular PG with a twist, the permittivity tensor ε̃ can be written as

ε̃ =

⎡
⎣ εxx εxy εxz

εyx εyy εyz

εzx εzy εzz

⎤
⎦ = R−1(φ)

⎡
⎣ n2

ex 0 0
0 n2

or 0
0 0 n2

or

⎤
⎦R(φ), (6)

where nor and nex are the refractive indices observed by linearly polarized light in the ordinary (perpendicular)
and extra-ordinary (parallel) directions of the uniaxial anisotropy (linear birefringence is defined as ∆n = nex −
nor). R is a rotation matrix where φ(x) is the azimuth angle measured from the x-axis:

R(φ) =

⎡
⎣ cos(φ) − sin(φ) 0

sin(φ) cos(φ) 0
0 0 1

⎤
⎦ , (7)

where φ(x) = πx/Λ + (z/d)φtwist.

The simulation space is reduced to only one grating period by applying the periodic boundary conditions.
The remaining two boundaries are truncated by the uniaxial perfectly matched absorbing layers (UPMLs19) to
minimize non-physical reflection at the boundaries. To minimize the Fresnel losses at the air-grating interfaces,
gradient-index anti-reflection coatings20 are applied. A Gaussian pulse centered at the wavelength of interest is
excited in front of the grating structure for wideband analysis from a single simulation. The near-field values
right after the grating were sampled at every time step and transformed in the far-field. Finally, the discrete
Fourier transformation is performed to extract the spectral information. We also calculate the Stokes parameters
for each diffracted order to examine the polarization states.

Figure 5(a) shows the diffraction spectra as a function of ∆nd/λ of the achromatic PG when φtwist = 70◦.
We modeled the material parameters as nor = 1.4 and ∆n = 0.2. The grating period was selected to Λ = 20λ0

(λ0 is the center wavelength of the Gaussian pulse) to ensure the grating operating well below the paraxial limit.
The grating thickness was fixed for ∆nd = λ0/2. The polarization sensitivity of the first order efficiencies was
also tested as shown in Figure 5(b). As expected, excellent agreement between FDTD results and the analytic
solutions is found in both cases.

We also evaluated the angular selectivity of the achromatic PG diffraction from a series of simulations with
varying the incident angle from −45◦ to 45◦. The Gaussian-pulse was again used as the source, with right-handed
circular polarization input (only −1-order exists at normal incidence). Figure 6(a) shows the −1-order efficiency
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Figure 5. Diffraction behavior of the achromatic PG numerically calculated (◦, •) and analytically estimated (curves)
using Eq. 5 when φtwist = 70◦: (a) Diffraction spectra of the first order efficiency (Ση±1) as a function of ∆nd/λ; (b)
Polarization sensitivity of the first order diffraction (η±1) with respect to the ellipticity angle χ of the incident polarization.

(η−1) as a function of ∆nd/λ for various incident angles. For small angles of incidence θinc, only the −1-order
has appreciable power (≈ 100%) and manifests a nearly perfect right-handed circular polarization (S′

3 � 1). A
modest decrease of η−1 is found as the incident angle increases. The degradation in efficiency become larger for
longer wavelengths. The angular selectivity is slightly asymmetric with respect to θinc = 0◦. Degradation in the
efficiency is faster for positive incident angles than for negative angles. We consider all of these off-axis effects
as being primarily related to a change in the effective optical path length experienced by the incident lightwave
as θinc increases.

For compact and efficient systems, a large angular dispersion is preferred. However, since polarization gratings
operate within the paraxial domain, large diffraction angles and high efficiencies are not always available. We
have found that the paraxial limit for Circular PGs can be effectively described by a dimensionless parameter9,21

ρ as ρ ≤ 1:

ρ =
2λ2

n̄∆nΛ2
, (8)

where n̄ = 1
2 (nor +nex) is the average refractive index of the media. More details on the Circular PG diffraction

beyond the paraxial approximation can be found in Ref.9 We evaluate the diffraction properties of the achromatic
PG close to the paraxial limit where ρ � 1. Since ρ is proportional to a square of the ratio Λ/λ0, we calculated
the diffraction efficiency with varying Λ/λ0 from 1 to 10.
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Figure 6(b) shows a map of the diffraction efficiency (η−1) as a function of ∆nd/λ and Λ/λ0. The spectral
range for high efficiency decreases as the ratio Λ/λ0 approaches to a unity. Diffraction at longer wavelengths
are more sensitive to the change of Λ/λ and the efficiency decreases more rapidly while high efficiencies are still
available at shorter wavelengths until it reaches the paraxial limit (i.e. ρ ≈ 1, outlined). It should be note that
the achromatic PG exhibits diffraction properties exceeding far beyond conventional Circular PGs with respect
to the angular selectivity and paraxial limit.

4. ACHROMATIC PG USING REACTIVE MESOGENS

We also experimentally demonstrated the achromatic PG formed as a reactive mesogen (RM) film by polarization
holography and photo-alignment techniques.22,23 We have recently10 fabricated defect-free RM PGs (conven-
tional) with ultra-high efficiency and low scattering by materials and processing optimization. The key of the
fabrication technique is the use of photo-alignment materials that allow the separation of hologram recording
and grating structure amplification. As shown in Figure 7, fabrication of reactive mesogen PGs proceeds with
following four basic steps: first, a thin layer of photo-alignment material is coated on a glass substrate (Figure
7(a)); second, the substrate is exposed with two coherent beams from a laser with orthogonal circular polariza-
tions at a small angle, leading to polarization interference with a constant intensity (Figure 7(b)); third, the RM
mixture is coated on the photo-alignment layer and made to be align according to the surface pattern (Figure
7(c)); finally, the RM layer is photopolymerized with a blanket ultraviolet exposure to permanently fix the large
structured optical anisotropy (Figure 7(d)).

We use this basic fabrication also for the achromatic PG. In particular, we utilized a linear-photopolymerizable
polymer24 (LPP) ROP-103 (Rolic) as a photo-alignment material. The surface alignment pattern with a period
of Λ = 8.5µm was recorded in the LPP layer by orthogonal circular polarized beams from a HeCd laser (325nm).
After LPP exposure, RM films were deposited on the LPP-coated substrate by spin-coating until it reached the
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Figure 8. Experimental results from the achromatic PG (Λ = 8.5µm) as implemented with reactive mesogens: (a) the
0- order efficiency spectra; (b) estimated first-order efficiency spectra, calculated from the 0-order (Ση±1 ≈ 1 − η0). A
clean glass slide is shown as reference in part (a). Diffraction spectra (experimentally measured) of a conventional RMPG
are shown for comparison. Exact efficiencies (diamonds) at three wavelengths were measured with red (633nm), green
(532nm), and blue (473nm) lasers for both the achromatic PG (white face-color) and the conventional PG (colored-face).
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required thickness. The first RM layer was a mixture composed of RMS03-001 (Merck, ∆n � 0.159 at 589nm)
with small amount (0.25%) of chiral dopant CB15 (Merck, right-handed), chosen so that the RM layer reached
the half-wave thickness (∆nd = λ/2) and φtwist = 70◦. The second RM layer was deposited directly on the top
of the first, and was composed of RMS03-001 doped with a small amount (0.34%) of a different chiral agent,
ZLI-811 (Merk, left-handed), subject to the same thickness and twist angle. Note that the final grating thickness
was ∼ 2d, because two layers were stacked (each with the half-wave thickness).

Figure 8(a) shows the 0-order efficiency spectra of both samples of the Circular PG and the achromatic PG,
measured with a spectrophotometer. Note that the spectra of the transmittance of a clean glass slide (∼ 100%)
was measured under the identical conditions to the PGs. The spectra of the diffraction efficiency was estimated
as Ση±1 ≈ 1 − η0, plotted in Figure 8(b), because of the difficulty of its direct measurement. Exact efficiencies
were measured at red (633nm), green (532nm), and blue (453nm) laser wavelengths, which conclusively confirm
the estimated efficiencies in Figure 8(b). As expected from FDTD simulation results, a noticeable improvement
in the diffraction bandwidth is found. Note that the diffraction efficiency is defined as ηm = Im/IREF , where Im

is the measured intensity of the mth transmitted diffracted order, and where IREF is a reference transmission
intensity for a glass substrate. Note that we roughly measured the incoherent scattering as 2% or less above
400nm, by comparing the diffracted spectra to the clean glass slide.

5. CONCLUSIONS

We have designed and demonstrated an achromatic PG formed in polymerizable liquid crystals, which achieves
ultra-high efficiency over a broad spectral range. Analytic expressions for basic diffraction properties of the
achromatic PG were derived using the Jones matrix analysis. We further investigated diffraction behavior at
oblique incidence and beyond paraxial limit using FDTD simulations. Finally, we experimentally realized a
high-quality achromatic PG using reactive mesogens with improved bandwidth (almost over the entire visible
range) for high diffraction efficiency and low scattering. This thin-film achromatic PG offers substantially more
functional control than any other diffraction grating over the direction, intensity, and polarization state of the
transmitted light (for a wide spectral bandwidth), and has high potential to benefit many applications, including
remote sensing, biomedical imaging, optical communications, quantum computing, and more.
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APPENDIX A. JONES MATRIX ANALYSIS FOR ACHROMATIC PG

The Jones matrix for a Circular PG can be expressed as

TPG = R(−φ)
[

e−iΓ 0
0 eiΓ

]
R(φ) (9)

where Γ = π∆nd/λ is the retardation, R is the rotation matrix, and φ = φ(x) = πx/Λ.

The Circular PG with a twist can be approximated as a stack of multiple (N) thin Circular PG layers with
a small phase shift ∆φ in the azimuth. The Jones matrix for this stratified grating structure can be written as

TPG,twist =
N∏

m=1

R (−m∆φ)TPG(∆Γ)R (m∆φ)

= R (−φtwist) [TPG(∆Γ)R (∆φ)]N (10)

where N is the number of Circular PG layers, ∆Γ = Γ/N is the retardation of each layer, and φtwist = N∆φ is
the total twist angle.

Now we introduce an auxiliary matrix W = TPGR (∆φ):

W =
[

W11 W12

W21 W22

]
, (11)
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where

W11 =
(
e−i∆Γ cos2(φ) + ei∆Γ sin2(φ)

)
cos(∆φ) − (

e−i∆Γ − ei∆Γ
)
sin(φ) cos(φ) sin(∆φ) (12a)

W12 =
(
e−i∆Γ cos2(φ) + ei∆Γ sin2(φ)

)
sin(∆φ) +

(
e−i∆Γ − ei∆Γ

)
sin(φ) cos(φ) cos(∆φ) (12b)

W21 = − (
e−i∆Γ sin2(φ) + ei∆Γ cos2(φ)

)
sin(∆φ) +

(
e−i∆Γ − ei∆Γ

)
sin(φ) cos(φ) cos(∆φ) (12c)

W22 =
(
e−i∆Γ sin2(φ) + ei∆Γ cos2(φ)

)
cos(∆φ) +

(
e−i∆Γ − ei∆Γ

)
sin(φ) cos(φ) sin(∆φ) (12d)

As N → ∞, we can simplify W11 as follows

W11
∼= cos(∆φ) − i(∆Γ) cos(2φ) (13a)

W12
∼= ∆φ − i(∆Γ) sin(2φ) (13b)

W21
∼= −∆φ − i(∆Γ) sin(2φ) (13c)

W22
∼= cos(∆φ) + i(∆Γ) cos(2φ) (13d)

Using Chebychev’s identity, we can find a matrix W′ = WN as follows

W′ =
[

W ′
11 W ′

12

W ′
21 W ′

22

]

=

[
W11 sin(NZ)−sin(N−1)Z

sin(Z)
W12 sin(NZ)

sin(Z)
W21 sin(NZ)

sin(Z)
W22 sin(NZ)−sin(N−1)Z

sin(Z)

]
(14)

where W ′
ij is the (i, j) component of W′ and Z = cos−1

[
1
2 (W11 + W22)

]
.

We can further simplify W′ using approximations: as N → ∞, sin(NZ)/NZ ∼= sin X/X and cos(NZ) ∼=
cos X, where X =

√
φ2 + Γ2.

W ′
11

∼= cos(X) − iΓ cos(2φ)
[
sin(X)

X

]
(15a)

W ′
12

∼= [φtwist − iΓ sin(2φ)]
[
sin(X)

X

]
(15b)

W ′
11

∼= − [φtwist + iΓ sin(2φ)]
[
sin(X)

X

]
(15c)

W ′
11

∼= cos(X) + iΓ cos(2φ)
[
sin(X)

X

]
(15d)

Substituting W′ into Eq. 10, we finally get the Jones matrix for the PG with twist:

TPG,twist =
[

T11 T12

T21 T22

]
= R(−φtwist)W′ (16)

where Tij is the (i, j) component of TPG,twist:

T11 = cos(φtwist) cos(X) + φtwist sin(φtwist)
[
sin(X)

X

]
− i

Γ
2

[
sin(X)

X

]
eiφtwistei2φ − i

Γ
2

[
sin(X)

X

]
e−iφtwiste−i2φ

(17a)

T12 = − sin(φtwist) cos(X) + φtwist cos(φtwist)
[
sin(X)

X

]
− Γ

2

[
sin(X)

X

]
eiφtwistei2φ +

Γ
2

[
sin(X)

X

]
e−iφtwiste−i2φ

(17b)

T21 = sin(φtwist) cos(X) − φtwist cos(φtwist)
[
sin(X)

X

]
− Γ

2

[
sin(X)

X

]
eiφtwistei2φ +

Γ
2

[
sin(X)

X

]
e−iφtwiste−i2φ

(17c)

T22 = cos(φtwist) cos(X) + φtwist sin(φtwist)
[
sin(X)

X

]
+ i

Γ
2

[
sin(X)

X

]
eiφtwistei2φ + i

Γ
2

[
sin(X)

X

]
e−iφtwiste−i2φ

(17d)
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where X =
√

φ2
twist + Γ2. The Jones matrix TPG,twist can be split into three matrices T0, T+1, and T−1:

TPG,twist = T0 + ei2φT+1 + e−i2φT−1 (18)

where

T0 = cos(X)R(−φtwist) + φtwist

[
sin(X)

X

]
R(π/2 − φtwist) (19a)

T±1 = e±iφtwist
Γ
2

[
sin(X)

X

] [ −i ∓1
∓1 i

]
(19b)

where Tm (m = 0,±1) is a transmission matrix corresponding to the mth-order of diffraction. Still, only
three diffracted orders exist and the first orders have orthogonal circular polarizations regardless the incident
polarization. However, the polarization state of the 0-order generally becomes elliptical due to the effect of twist.

Let us consider a Jones vector Einc with normalized intensity for the incoming electric field:

Einc =
[

Ex

Ey

]
=

[
cos(α)

eiδ sin(α)

]
(20)

where α is an auxiliary angle (0 ≤ α ≤ π/2) for the polarization ellipse and δ = δy − δx is the phase difference
between Ex and Ey. The outgoing electric field of each diffracted order can be obtained as follows

Em = TmEinc (m = 0,±1) (21)

Still, only three diffracted orders exist and the first orders have orthogonal circular polarizations regardless the
incident polarization. However, the polarization state of the 0-order generally becomes elliptical due to the effect
of twist. The normalized intensity (or efficiency) in each diffracted order is given by:

ηm = E†
mEm (m = 0,±1) (22)

where E† denotes the Hermitian adjoint of E. Diffraction efficiencies of a single Circular PG with a twist can be
expressed as

η0 = cos2 X + φ2
twist

(
sin X

X

)2

(23a)

Ση±1 = 1 − η0 = sin2 X − φ2
twist

(
sin X

X

)2

(23b)

where X =
√

φ2
twist + Γ2. We omit the individual expressions for the first order efficiencies (η±1) because of

complexity. The efficiencies can be calculated by using computer softwares such as Matlab from Eqs. 19 and 22.

Now we consider the other Circular PG with the same twist angle but opposite twist sense. Since we want
to have two symmetric gratings, the anisotropy profile of two gratings should be in phase at the interface as
shown in Figure 1(c) and 1(d). The Jones matrix T′

PG,twist for the second Circular PG can be obtained simply
by replacing φ and φtwist with φ + φtwist and −φtwist from Eqs. 19, respectively:

T′
PG,twist = T′

0 + ei2(φ+φtwist)T′
+1 + e−i2(φ+φtwist)T′

−1 (24)

and

T′
0 = cos(X)R(φtwist) − φtwist

[
sin(X)

X

]
R(π/2 + φtwist) (25a)

T′
±1 = e∓iφtwist

Γ
2

[
sin(X)

X

] [ −i ∓1
∓1 i

]
(25b)
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where Tm (m = 0,±1) is a transmission matrix corresponding to the mth-order of diffraction. Since the
handedness of twist does not affect the field distribution in the diffraction, the efficiencies are found same as
those of the first Circular PG in Eq. 23.

The Jones matrix TAPG for the achromatic PG (APG) composed of two chiral Circular PGs with opposite
twist sense can be obtained simply by multiplying the Jones matrices for each PG:

TAPG = T′
PG,twistTPG,twist (26)

Again, TAPG can be split into three parts corresponding to each diffracted order:

TAPG = T0,APG + ei2φT+1,APG + e−i2φT−1,APG (27)

and

T0,APG =

{
cos2(X) +

(
φ2

twist − Γ2
) [

sin(X)
X

]2
}[

1 0
0 1

]
(28a)

T±1,APG = −ie±iφtwistΓ
[
sin(X)

X

][
T

(±)
11,APG T

(±)
12,APG

T
(±)
21,APG T

(±)
22,APG

]
(28b)

where

T
(±)
11,APG = cos(φtwist) cos(X) + φtwist sin(φtwist)

[
sin(X)

X

]
∓ i [sin(φtwist) cos(X) − φtwist cos(φtwist)]

[
sin(X)

X

]
(29a)

T
(±)
12,APG = − sin(φtwist) cos(X) + φtwist cos(φtwist)

[
sin(X)

X

]
∓ i [cos(φtwist) cos(X) + φtwist sin(φtwist)]

[
sin(X)

X

]
(29b)

T
(±)
21,APG = − sin(φtwist) cos(X) + φtwist cos(φtwist)

[
sin(X)

X

]
∓ i [cos(φtwist) cos(X) + φtwist sin(φtwist)]

[
sin(X)

X

]
(29c)

T
(±)
22,APG = − cos(φtwist) cos(X) − φtwist sin(φtwist)

[
sin(X)

X

]
± i [sin(φtwist) cos(X) − φtwist cos(φtwist)]

[
sin(X)

X

]
(29d)

Interestingly, the transmission matrix for the 0-order diffraction is reduced to a identity matrix with a magnitude
depending on the twist angle (φtwist) and retardation (Γ). We can interpret that the polarization effect of twist
is canceled out by two chiral layers with opposite twist sense. Therefore, the polarization of the 0-order remains
same as the incident polarization.

Similar to Eqs. 23, the final expressions for diffraction efficiencies of the achromatic PG can be obtained as
follows

η0 =

[
cos2 X +

(
φ2

twist − Γ2
) (

sin X

X

)2
]2

(30a)

Ση±1 = 1 −
[
cos2 X +

(
φ2

twist − Γ2
) (

sin X

X

)2
]2

(30b)

where Γ = π∆nd/λ and X =
√

φ2
twist + Γ2. We omit the individual expressions for the first order efficiencies

(η±1) because of complexity. Again, the efficiencies can be calculated by using computer softwares such as Matlab
from Eqs. 29 and 30.
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